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Hinges-Free and Hinges-Locked Modes of a
Deformable Multibody Space Station—A Continuum Analysis

Hari B. Hablani*
Rockwell International, Seal Beach, California

An analytical theory of two classes of vehicle modes for a multibody, deformable space station is presented:
1) hinges-free modes and 2) hinges-locked modes. Both modes are defined for the space station completely free
in space; the former modes refer to free hinges, and the latter to locked hinges. Associated eigenvalue problems
and orthogonality properties are developed and used to arrive at concise linear motion equations. The concise-
ness transpires because, with these vehicle modes, the translational and rotational deformations of an inboard
body at a hinge have a simple modal expansion. Modal momental coefficients associated with both classes of
modes are formulated. They play a pivotal role in discretization of partial differential equations governing the
dynamics. The analysis is general: elastic deformation is three dimensional, structures have arbitrary geometry
and obey Hooke's law of elasticity, and hinges are universal joints. The modal coefficients and dynamics of the
space station are illustrated, and the pitfalls in using hinges-locked vehicle modes to predict hinges-free response
are identified. A continuum formulation of dynamics of the space station with a mobile manipulator is also
furnished.

I. Introduction

F OR simulating dynamics and control of an inertially stabi-
lized multibody spacecraft, deformations of its elastic

components have been variously treated. Generally, it is ex-
pressed in terms of appendage modes. To improve fidelity of
the simulation, appendage modes of "augmented bodies"
have also been suggested.1 In 1975, Hughes,2 while dealing
with the dynamics of the remote manipulator arm, which con-
sists of several links and is attached to the Orbiter, expressed
the deformation of the arm in terms of "fixed-hinge arm
mode" (see Sec. 3.1, p. 5, of Ref. 2). These modes are obtained
by constraining the Orbiter (the main body) to zero rotation
and translation and by constraining the rotation at the hinges
of the links of the arm. The hinges are, of course, allowed to
translate freely in these modes. Intuitively, these modes are
superior to link modes because one fixed-hinge arm mode
contains, loosely speaking, one mode of each link plus the
dynamic interaction between the links. In 1979, Hughes3 em-
ployed these modes to discretize the dynamics of a chain of
flexible bodies. In Ref. 2, Hughes also conceived of a "fixed-
hinge spacecraft mode," a vehicle mode, which is defined by
locking, as before, all hinges in order to suppress the relative
rotation of the articulated bodies, but which allows the entire
spacecraft to vibrate freely in space. Hughes expanded on this
idea in Ref. 4, in which he defined "external" and "internal"
rigid-body (ERB and IRB) modes, where the former are the
standard six rigid modes of a free spacecraft and the latter
include articulation, ball-in-tube damper, wheel, or any other
internal rigid-body motion (see Ref. 4, pp. 7.68-7.88). To
facilitate modal analysis of a multibody spacecraft, Hughes4

then defined the "IRB-constrained mode," which subsumes
his earlier2 "fixed-hinge spacecraft mode," and "IRB-uncon-
strained mode,"2 which are defined by keeping hinges as well
as spacecraft free in space. However, these ideas have not been

Presented as Paper 87-0925 at the AIAA Dynamics Specialist Con-
ference, Monterey, California, April 9-10, 1987; received Feb. 19,
1988; revision received Oct. 14, 1988. Copyright © 1987 American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

*Engineering Specialist, Guidance and Control Group, Satellite and
Space Electronics Division. Senior Member AIAA.

pursued in detail in Ref. 4. Because, in this paper, the inter-
nal rigid-body motion is articulation motion at hinges, we
shall use the alternative name "hinges-locked" instead of
"IRB-constrained," and "hinges-free" instead of "IRB-un-
constrained" vehicle modes. Hinges-locked vehicle modes are
indeed the same as the unconstrained vehicle modes theorized
by Hughes5 for a spacecraft with cantilevered appendages. A
distinct characteristic of the hinges-locked and hinges-free
modes is that the entire multibody spacecraft is treated as a
single elastic body. Interestingly, DISCOS can also treat multi-
body spacecraft in that manner by expressing the deformation
in terms of what Bodley et al.6 call "geometry modes" in
demonstration problems 2 and 4, and "normal modes" in
demonstration problem 3. However, Ref. 6 employs Lagrange
multipliers and therefore does not offer a minimum number of
motion equations for a multibody vehicle. Jones7 determines
system modes for a flexible multibody spacecraft using the
classical Craig-Bampton component modal synthesis tech-
nique and updates them as the articulated components trans-
gress the linear range around the past nominal orientation. But
Ref. 7 does not furnish a mathematical theory of system modes
of multibody spacecraft. In the finite-element discipline, there
are sophisticated component modal synthesis techniques, such
as that of MacNeal,8 more recent than that of Craig-Bampton.
Indeed, using precisely these techniques, the NASTRAN pro-
duces numerical values of both hinges-free and hinges-locked
vehicle modes of a multibody spacecraft. Nevertheless, the
finite-element theory of component modal synthesis (Mac-
Neal8 and Hintz,9 for instance), generally illustrated with air-
craft and missile structures, seems remotely related to a flex-
ible multibody spacecraft. Consequently, an analytical theory
of hinges-free and hinges-locked vehicle modes of a multibody
spacecraft based on continuum mechanics is desired. To de-
velop such a theory is the objective of this paper. This theory
is sought because it will then establish a clear interpretation of
NASTRAN-generated hinges-free and hinges-locked numeri-
cal vehicle modes. The vehicle modes are desirable because, for
a given number of equations, they offer a higher-fidelity model
than the appendage modes do and ease the process of selecting
modes for simulation. They do suffer from this oft-quoted

- limitation: once the components rotate about their hinges be-
yond the linear range around a nominal orientation, the modes
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must then be replaced by a new set of appropriate vehicle
modes; but this seems a little price to pay for the benefits the
vehicle modes offer.

The objectives of this paper are accomplished by consider-
ing the dynamics of the power tower configuration of the space
station, modeled here as comprising two rigid and seven elastic
bodies in a simple tree topology. A combination of ordinary
and partial differential equations of motion are developed by
employing Hamilton's principle. These equations are then sub-
jected to modal analyses, and the associated continuum eigen-
value problems and orthogonality properties of both types of
modes are formulated and used to arrive at concise, linear
modal equations of motion that are of the same genre as
NASTRAN modal equations. Their conciseness stems from
subsuming the translational and rotational deformations at
hinges in the continuum system modes. Modal momental coef-
ficients that appear in the discretized equations are formu-
lated. A secondary objective of the paper is to present a contin-
uum set of motion equations of the space station with a mobile
manipulator.

II. Continuum Formulation of
Space Station Dynamics

In the following linear analysis, different subscripts connote
different sets of bodies of the Space Station; specifically, note
these ranges:

p,q = 0,1,2,3,..., 8
ij =1,2,3,. . . ,8

e = 2,3,. . . ,8
m,n = 3,. . .,£ (1)

Besides, a vector pertaining to the body-/? is expressed here,
unless stated otherwise, in the body-attached frame 3>. The
letters (R and 8 signify, respectively, rigid and elastic bodies.

An idealized schematic diagram of the proposed space sta-
tion (ca. 1985, when this analysis began) is shown in Fig. 1. It
comprises two rigid bodies ((R0, (Ri) and seven elastic bodies
(Se, e = 2,3,. . . ,8). The rigid body (R0 is a logistic module. It
may be docked with the Space Shuttle, and it has both transla-
tional and rotational degrees of freedom. The body (Ri, on the

other hand, is at the intersection of the longitudinal and trans-
verse keels and, being in the middle of the elastic structure 82,
it alters the nature of the vibrational eigenvalue problem in
some peculiar way that will be seen in Sec. III. It houses
control moment gyros arid other appliances to control the
attitude of the spacecraft. The elastic structure 82 is the entire
keel structure, including its longitudinal and transverse
branches, and (R0 and (Ri are cantilevered to it. The remaining
components 8OT are all elastic arid hinged to the keel at differ-
ent locations. These components are module radiators (83, 84)i
antennas (85, 88), and solar arrays with radiators (86, S7). All
hinges are assumed to be universal joints although, after being
developed, the equations can be modified readily to model two
or one degree-of-freedom hinges. Nominal undeformed loca-
tion vectors of the cantilever root O2, Z,0, of the hinge Om,
L2m9 arid of the mass center ©/ , rci are all defined in different
frames in Fig. 2. The frames 3^ and ^\ are attached, respec-
tively, to the bodies (R0 and (Ri at their mass centers $0

 and
®i, whereas the frames 5e (e = 2,. . . ,8) are attached to the
body 8e at the root O2 for e = 2 and at the hinges Om for
m = 3,... ,8. A vector expressed in the frame 9^ is transformed
to a vector in the frame $p by premultiplying it with the trans-
formation matrix Rpq.

Masses, Inertias, and Displacements
The mass of body-p is denoted mp\ the mass of the entire

spacecraft is m. Then, m - T,mp, where the range of summa-
tion over p is given by Eq. (1). The first moment of inertia of
8m with respect to the hinge Om and that of any body-./ rela-
tive to the mass center 00 of (R0 are, respectively,

(2)

where rcq/ originating from ©0 locates the mass center of the
jth body in the frame ^o (Fig. 2):

j = 1,2: rCQj — LQ +
j = m: rCQm = LQ + R^Lim (3)

The first moment of inertia c of the entire spacecraft about the
mass center 00 will then be

c - mrc = (4)

FRAME
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^

^2

^n
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®0

®!

02

Om

VECTOR

kO-kQm
Ic01.Ic02.IcOm
IcMl
Ic2.l2.i2m
Icm.Im

Fig. 1 Schematic model of the space station (power tower configura-
tion).

Fig. 2 Location vectors of hinges, mass centers, and elemental
masses of component bodies of the space station.
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where rc is the vector from ©6 to the vehicle mass center ©
(Fig. 1). The second moment of inertia of (R0 and &! about
their mass centers © 0 and © t in their local frames are denoted,
respectively, /0 and I\. On the other hand, Jm is the inertia
dyadic of the undef ormed body 8m at the hinge Om in $m; Jf
is the inertia dyadic of /th body about the mass center ©0 in
the frame S :̂

The inertial displacement W2(i*2,/) of the keel 82 is

i = 1 : /? 4 RoJiRiQ -

/ = e:/e°A- (5)

where the superscript x on a vector means the corresponding
3x3 skew-symmetric matrix, the notation fe means integration
over the elastic body 8e, and r0e is the vector from ©0 to an
undeforrned generic point of Se (Fig. 2):

e-m:
e — 2: rQ2 =

r0w = L0 + R (6)

and re emanates from the origin Oe. Inertia! interaction be-
tween the ra th articulated body and the body (R0 is represented
by a cross-inertia dyadic J0m,

dm - RQmJm —

where (Fig. 2)
Lorn — LQ + RQ2L2m

Clearly, /Om is riot a symmetric dyadic and, in Eq. (7a)j it can
be postmultiplied only with a vector in the frame $m. Like^
wise, the cross-inertia dyadic JQm can be postmultiplied only
with a vector in the $Q frame (the superscript Ton [ * ] signifies
the transpose of [*]).

Turning attention to the linear displacements, the local or-
bital frame 3^ (the unit vector triad e\9e2^ in Fig. 1) of the
space station is taken to be an inertial frame. Nominally, the
origin Oe of the orbital frame coincides with the composite
mass center ©; however, when the spacecraft deviates from its
orbital equilibrium, Oe retains the nominal orbital motion
while © moves away from Oe by >to — rc

x 9$, where *,0 and ^0 are
the central, first-order displacement arid rotation vectors of (R0
relative to 3^. The first-order displacemerit of (R0 at a field
point r0 is

<310: Wo = to-r£0o (8)

The central translational arid rotational, perturbational veloc-
ities of ©o relative to $e are VQ (=>io) arid ft0 (- #0)- To deter-
riiine the displacemerit of the body (Ri, let «20*2>0 be the de-
formation at a field point r2e82, and

Vxi/2(0,0 = (9)

where V is the del operator; Now, the displacemerit of the
mass center © i of (Ri, u*(t)9 and the rotation 0* (t) of (Ri, both
caused solely by M2, will be

(10)

Then the deforrnation-caused angular velocity of (Ri relative to
(R0 will be Oi A(?*. Note that, unlike other articulated bodies*
ili is not a discrete angular velocity. The displacement w\(r\9t)
of a field point r\ e(Ri (Fig. 2) relative to its orbital equilibrium
position expressed in the frame $\ is

(lla)

(lib)

(He)

(12)

The deformation u2m arid the deformatioii-caused angular ro-
tation B2m at each hinge Om in the frame $2 are

i/2 V ,0

(/7T=3,.;.8) (13)

Denote the vector of small angles of articulation motion of the
body £m about the hinge Om by <9m(0m'40m>, and let the de-
formation um(rm,t) obey the conditions of zero deformation
and zero slope at the root Om. Then the inertial displacement

: H>m (rm ,0 = 2«2m (0

(14)

To facilitate system ttiodal analysis performed in Sec. Ill,
define

Um (rm ,0 4 Rm2U2m (0 - + «m (''m ,0

(7a) which contracts wm(rm,t), Eq. (14), to

(7b)

(15)

(16)

Clearly, um(rm\t) is local deformation, whereas Um(rmtt) is
total deformation at rme8w, treating the entire spacecraft as a
single elastic body.

Because the orbital frame 3^ is taken to be inertial, the
derivation of inertial velocities of all bodies from Eqs. (8),
(11), (12), and (16) arid the development of the kinetic energy
expression of the space station are straightforward; for details,
see Ref. 10. It is reiterated that the variables F0, (20, ^ ivf lm,
and we are all first-order infinitesimal quantities; therefore,
their products are of second order and thus negligible.

Strain Energy
In this subsection, the comma notation for partial differen-

tiation, arid the summation convention for a repeated index,
will apply to the indices a arid ]8. The strain energy density
function k of a deformable structure is related to stress and
strain tensors according to Ref. ll, Eq. (1), p. 127, arid Eq.
(4), p. 128. Its variation, dk, is found to be

dk = aa («,/? = x>y,z) (17)

where (Ta/3 is the stress tensor and ua is the defoririation along
the a axis. The 5Ke variation of the strain energy of the struc-
ture 8e is related to dk thus:

(18)dKe = dk dv

where dv is a volume element of the Structure 86. Substitute
Eq. (17) in (18), arid because

(19)

invoke the Gauss theorem [Ref. 11, Eq. (2), p. 117] to convert
the volume integral associated with the term on the left side
of Eq. (19) to a surface integral around the boundaries, arid
obtain

(20)

where ^(/3 —x,y ,z) are the components of the outward normal
v at the elemental surface area dS of the boundary Se of the
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body 8e. It is more useful to write the stress tensor <ja& in terms
of displacements and their derivatives. Using the stress-strain
relationship for an isotropic elastic material [Ref. 11, Eq. (7),
p. 129] and strain-displacement relationship given by Cauchy's
infinitesimal strain tensor [Ref. 11, Eq. (6), p. 94], the first
term (the volume integral) in Eq. (20) can be rearranged as

(21)= \(due)T(£iUe)dv

[the summation convention for the indices a and /3 does not
apply to the right side of Eq. (21)]. The differential operator
<£e for the isotropic structure 8^ is [compare the following
definition with that in Ref. 11, Eqs. (20) and (19), p. 156, and
recall that V2w = V(V •*/) - V X (V xn)]

<£ei/e AG eV X (V X ue) - (Xe + 2Ge)V(V-«e) (22)

where Ge and Xe are Lame's constants for the isotropic struc-
ture 8e. Likewise, the boundary integral, the second term in the
right side of Eq. (20), can also be written as

se

+ G, 5ufdS (23)

where the 3 x 3 matrix in the square brackets equals symmetric
stress tensor, 1 is a 3x3 identity matrix, and u^x is a 3x3
matrix of partial differentiation of i/e with respect to the vector
x=(x€9yeixe)T. For a multibody spacecraft, when the inboard
body deforms at the hinges, the motion equations are more
compact in terms of the total deformation Um(rm 9f) defined by
Eq. (15) than in terms of the local deformation um (rm,t). For
this reason, substitute the variation of Eq. (15) in the right side
of Eq. (21) (recall that for e = 2, u2 4 U2). Next, fr6m the free-
body diagram of the wth articulated body, generate two con-
ditions that insure the force and moment balance at the hinge
point Om in the absence of the hinge control torque. The right
side of Eq. (21) then transforms to, for e = m,

) dv = (du2m)TF2/t

(bUm)T(£mUm)dv (24)

where .Fjf and Gff1 are the unknown constraint forces and
torques acting on Sw and exerted by the body 82. For a three
rotational degree-of- freedom hinge, G^w = 0; nevertheless,
GH" is retained here in order to include a hinge with fewer than
three degrees of freedom in the analysis. Now, because for all
articulated bodies, the deformation um satisfies the condition
of zero deformation arid zero slope at the hinge Om, the vari-
ation dum in the boundary term Eq. (23) must be zero. Conse-
quently, >yhen we employ Eqs. (20), (21), and (24), the varia-
tion in the strain energy of the mth articulated body is found
to be

dKm = (bUm)T(£mUm) dv +

(m =3 , . . . , 8) (25)

For the keel structure 82, the boundary S2 consists of the hinge
points Om (m = 3,. . . ,8), collectively called S2", and the inter-
face between 82 and (Hi, denoted by S2. The traction forces
and torques Fff2 and Gff2, equal and opposite to F2?1 and G2/"
in Eq. (24), act at the hinge points. Note that the left side of
Eq. (23) can also be written involving a traction force Tv at the
boundary S2" [Ref. 11, Eq. (2), p. 63], which then is rearranged

in terms of Fff2 and Gg2 to yield

£*» ft'Q I T'J' Ji»» T*O^OU^VQ Uo = I Jf • OI/2 = V
M «M « M M ^^

(26)

On the other hand, unknown shear forces and bending mo-
ments exist at the interface 52. To express these symbolically,
note, from Eq. (lib), that

: bu2 = dut = du* - (27)

Insert Eq. (27) in the right side of Eq. (23), and define the
boundary operators

[x2(VrM2)lS2°L
v dS

(B«,H2A
" (28)

where, recall, G2 is Lame's constant for the elastic body-2.
Then, based on Eqs. (20), (21), (23), and (26-28), the variation
in the strain energy of the keel structure, dK2, is obtained:

{ .
(du2)T£2u2dv

(29)

The variation in the strain energy of the entire vehicle, 5K, is
derived by adding dKm (m = 3, . . . ,8), Eq. (25), and dK2, Eq.
(29). The lion working constraint forces and torques at hinges
cancel mutually, and we arrive at

(30)

Surprisingly, we could almost write Eq. (30) by inspection if
we treat the space station as one elastic body and use total
deformation variable Ue [note that <£ewe =?= «£e£/e] because then
the unknown constraint forces at hinges do not appear in the
analysis. The painstaking and perhaps prirna facie abstruse
derivation above is nevertheless presented so as to erect a
logical scaffolding for Eq. (30).

External and Control Forces and Torques
Let Ffj and G£ be a force and a torque acting, respectively,

at and about the mass center e^, of (Rp (p=Q and 1 only). If
control moment gyros reside in (Ri, the torque exerted by theni
is included in G/. The torque experienced at ®0 because of F}
and G/ will be Gf, where

(31)

Next, let/e(re,0 be a distributed force per unit volume acting
at ree8e. With the aid of the Dirac delta function and the del
operator V, f€(re,t) can model a point force F*j(t) at re/e8e
produced by jets, a distributed torque &(re,0, or a concen-
trated torque Ge

e(/) at reGe8€ exerted by reaction wheels or
control moment gyros, for when they all act simultaneously,

>/2 V

(32)

where d(re— rej) is a three-dimensional delta function. The to-
tal force Fe% the total torque G^ about the hinges Om , and the
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torque Ge° about e0 arising from/e are

(33)

These external forces and torques are reactionless, unlike the
control torque G%c acting on 8m at the hinge Om. Finally, the
total external or control force FT and torque GT acting on the
space station about the mass center e0 are

r^O
JP (34)

The virtual work performed by the preceding forces and
torques is derived in Ref. 10.

Continuum Equations of Motion
If we invoke Hamilton's principle on the variation of kinetic

and strain energies and on the virtual work, we obtain the fol-
lowing linear equations of motion of the space station in the
neighborhood of the orbital equilibrium:

01 «*

C x KO + /&0 +

(35a)

(35b)

Vo + /o«0o + J + r* Um dm = G%c + G£

<£2M2 +

( m = 3 , . . . , 8 ) (35g)

Equation (35a) governs the translational motion Jt0» Eq. (35b)
the attitude motion 00 of the spacecraft, and Eq. (35c) the
angular motion Bm of the articulated components. The partial
differential equations (35 f) and (35g) govern the deforma-
tional motion of the elastic bodies 8e(e = 2, . . .,8), and <re is
their mass density. Although Eqs. (3 5 d) and (35e) are the
translational and rotational motion equations of the body (J^,
they govern no new discrete variables; instead, they are
boundary conditions for Eq. (35f). Other boundary conditions
that apply to Eqs. (35f) and (35g) are Eq. (9) and analogous
ones for um at rm = 0 (m = 3, . . . ,8).

Although the example of the space station is much simpler
than an arbitrary multibody deformable spacecraft, Eqs. (35)
have all those complications that are piresent in the latter case:
1) the partial differential equations governing ue(rf9t) have
forcing terms that arise from the spacecraft's overall motion
FO and J]0> from the articulation motion Om and, equally im-
portant, from the deformation w2OT and the deformation-
caused rotation 02w at the hinge Om ; and 2) the boundary con-
ditions (35d) and (35e) are nonhdmogeneous. Just mentioned
quantities u2m and 02m are present in Um in Eq. (35g). The
discrete and deformational variables in Eqs. (35) are linearly
coupled; that is, the coupling is of first order. Two system

modal analyses are now presented, each of which discretizes
the complete set of Eqs. (35) at once.

III. Modal Analyses of Continuum Equations

Discretization by Hinges-Free Vehicle Modes
The space station, like any other spacecraft, has six external

rigid modes and, assuming all hinges to be universal joints,
three rotational rigid modes for each of the hinged bodies.
Additionally, it has (theoretically) an infinite number of elastic
modes, labeled jn,*> = 1,. . . ,00. Hence, the following expansion
of the discrete variables is complete:

*o(0
WO
wo

XQv

(36)

e0(o
e3(0

08(0

where R0, 90, 63,...,08 are "rigid" coordinates, whereas
rjv(v=l9. . .,00) is an elastic modal coordinate. The second
column in the right side of Eq. (36) embodies participation of
each elastic mode in the discrete motion of the spacecraft. The
rigid modes associated with the rigid coordinates are: 1 with
#o(0, -r& (P=0,l,. . .,8) with e0(0, and -r* with 9m(0
(m =3, . . . ,8). A hinges-free vehicle elastic mode is denoted
Zv(r). The inertial displacement H>(r,0, therefore, of an ele-
mental volume v at reV has this expansion:

= R0(t) - f$ 9o(/) - (37)

Not surprisingly, the system mode Zv(r) consists of the modal
coefficients Xov></>0i»<l>mi> ( /w=3, . . .,8) and the eigenfunction
Ziv (/ = 1 , . . . ,8), which are defined over different bodies of the
vehicle:

v(r) 4 XO, ~

For the rigid body (R^

(38)

(39a)

where xiv and $\v are Kh mode translation of, and rotation
about, the mass center eL of (&i relative to the body (B0; this
implies

ir 4 Z2v( e 0, = Vi V XZ2,( e 0 (39b)

«f (0 = (39c)

For the elastic bodies, Z€V(r€) is a deformation field such that
the total deformation Ue(re,t), r6e£€, has this expansion:

(40)

Recalling the definition [Eq. (15)] of Um(rm9t), the modal ex-
pansions of the deformation u2m(t) and the deformation-
caused rotation 02m(0 of the structure 82 at the hinge Om are
derived from the expansion of U2(r2,t) ^u2(r2,t) in Eq. (40):

U2m(t) = B2m(t) =

It is illuminating to determine the modal expansion of the local
deformation Um(rm,t) also, knowing the expansions [Eqs. (40)
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and (41)] and the relationship [Eq. (15)] between Um(rm ,t) and
«m(J*m»0; using these formulas, we obtain

Amv(rm)±Zmv(rm)-[z2v(Om)-rZ (V2 VxZ2,(Om))] (42)

where Amv(rm) is that part of the *>th hinges-free vehicle mode
that describes the deformation of the articulated body 8m only;
at the hinges Om , A mv (rm = 0) = 0 and Vi VXA mv (rm = 0) = 0, so
that Amv (v — 1, . . . ,00) resembles, but is not identical to the
cantilever modes of an articulated body used commonly for
discretization of Eqs. (35).

Substituting the modal expansions [Eq. (36)] in the transla-
tional motion Eq. (35a), and enforcing the law of linear mo-
mentum conservation, there follows the zero linear momen-
tum property of an elastic mode:

- C

= 0 = 1, . . . ,Oo) (43)

Define the modal momentum coefficients pev associated with
the deformation of each articulated body and pv for all elastic
structures collectively:

(44)ev A Zev(re) dm pv = mlRQl\lv

where the mass of (Ri is included in pv. Equation (43) then
abbreviates to

v = 0 (45)

A parallel development starting from Eq. (35b) yields the zero-
angular-momentum property of the vth elastic mode:

XXO, v + hv = 0 = 1, . . . ,Oo) (46)

where the modal angular momentum coefficient hv is defined
as

hv A

£A \r£RQ6Zev(re)dm (47)

The mass and inertia properties of (&i and its modal participa-
tion coefficients \\v and fav are included in the definition of hv
in Eq. (47). Next, treating the motion of individual articulated
bodies 8m analogously [Eq. (35c)] the law of conservation of
the angular momentum of the articulation motion leads to a
zero-angular-momentum-like property expressed as

+ /0« n, + hmv = 0 = 3, . . . ,8) (48)

where the modal angular momentum coefficient hmv for the
articulation motion is defined as

hmv A r£Zmv(rm) dm (m = 3 , . . . ,8; v = 1 , . . . ,00) (49)
~ >

The modal parts Zej,(re) (e = 2,... ,8) of a vehicle mode Zv are
all governed by different eigenvalue problems, each limited to
the corresponding elastic structure £e. However, because of
(Ri, 82 must be considered separately. The vehicle mode Zv for
82 is [from Eq. (38)]

(50)

Equation (35f) then leads to the eigenvalue problem

(51)

where co,, is the frequency of the vth vehicle mode. The associ-
ated boundary conditions, obtained form the motion Eq. (35d)
and Eq. (35e) owing to (Ri are

(#20X0, -tf2o'coi0o, + #21X1,) (52a)

i/i(*io*o, + *u) (52b)
in which the presence of the eigenvalue a>? is attributed to
the concentrated mass and inertia of 61 1 and to the use of vehi-
cle modes. Compared to Eq. (51), the eigenvalue problem de-
rived from the deformation equation of the articulated bodies
[Eq. (35g)]is

Zmv(rm ) = (J?v t> ~ rm <l>

(53)

The right sides of the eigenvalue problems [Eqs. (51) and (53)]
contain inertial displacement of a field point in the vth mode
whereas, in the left sides, the functions Zev(re) have no discrete
motions, only deformational motion. Besides the dynamical
boundary conditions (52), the following geometric boundary
conditions at the root O2 and hinges Om apply:

= 0, Z2,(0m) = Zmv(0m)
1/2VXZ2,(02) = 0

i/2 V xZ2,(Om) = YL V xZm,(Om)

(54)

The orthogonality of the vehicle modes Zv(r) with the trans-
lational, rotational, and articulational rigid modes 1, — rfp
(p =0,1, . . . ,8), and -r^ , respectively, is expressed as

Zv dm = 0

rfpZv dm = 0

(55a)

(55b)

(55c)

Equations (55) are verified by calling on the mass and inertia
properties Equations (2-7), the modal expansions [Eqs. (37)
and (40)], and the momentum coefficients [Eqs. (44), (47), and
(49)]; this, not surprisingly, yields the momental conditions
[Eqs. (45), (46), and (48)], thus proving Eqs. (55). Equipped
with these properties, the orthogonality between the elastic
modes is found to be

, dm =

P/Xo,

ev dm = (56)

where d^ is the Kronecker delta. In the first right-hand side
of Eq. (56), the vehicle mode Zv is not yet expanded in terms
of its components whereas, in the second, it is expanded.
The orthogonality between the modes Zv and the stiffness op-



292 H. B. HABLANI J. GUIDANCE

erators is obtained using the condition (56), the eigenvalue
problems [Eqs. (51) and (53)], and the boundary conditions
[Eq. (52)]:

wj^, (57)

To conserve space, the details of derivation of Eqs. (56) and
(57) will not be furnished here.

The set of ordinary and partial differential equations (35)
can be discretized now. Substitute the second time derivatives
of the expansions of Eqs. (36), (40), and (39c) in Eqs. (35a-
35c), and invoke the zero-momental properties [Eqs. (45),
(46), and (48)]. This yields the following rigid mode equations
corresponding to the vehicle's translation Jf?0, rotation 90, and
the articulation angles 9m:

cxRm0R0 +

Qm = FT (58a)

/Bo + E/o/n Bw = GT (58b)

Ow = G%c + G% (m = 3, . . .,8) (58c)

There is no discrete counterpart of the boundary conditions of
Eqs. (35d) and (35e). Equations (35f) and (35g) are discretized
together. For this purpose, the modal expansions of all vari-
ables are inserted in these equations and in the boundary con-
ditions [Eqs. (35d) and (35e)]; Eq. (35f) is then premultiplied
with the operation

Eq. (35g) with

Eq. (35d) with x\», and Eq. (35e) with «^. All of these equa-
tions are then added together and simplified, invoking the
orthogonality conditions [Eqs. (56) and (57)]. To eliminate the
rigid variables/?o» &0, anc* ^™ from the discrete equation thus
obtained, the transpose of Eqs. (45), (46), and (48) are substi-
tuted and Eqs. (58a-58c) are used. We then obtain

di;

(58d)

where Z2ti(r2J) is the modal deflection at the reaction jet loca-
tions on the structure £2; F2j is the jet force. Space limitation
forbids giving more details about the derivation of Eq. (58d);
however, it is refreshing to see in this equation a systematic
inner product of various forces and torques, acting at several
locations of the space station, with the corresponding modal
translational and rotational coefficients. Equations (58) are
the desired discrete equations useful for digital simulation.

Discretizaton by Hinges-Locked Vehicle Modes
The defining property of these modes is that all hinges are

locked, although the vehicle as a whole still remains free in
space. Mathematically, the constraints are

Incorporating this constraint into the vehicle equations (3 5 a),
(35b), and (35g), and deleting Eq. (35c) altogether, these equa-
tions, in the absence of external forces and torques, follow:

mV0 - cxQ0 + + R0eUe dm = 0 (60a)

iU* + /?0i/i V *

= 0 (60b)

(60c)

/i(J?io6o+ &'* )

£ei/e + ae Ue) = 0

(60d)

(e = 2, . . . ,8) (60e)

Equations (60) are similar to those of a spacecraft with can-
tilevered appendages.5 For modal analysis, the following ex-
pansion is postulated:

= e0(o

(m =3, . . . ,8 ) (59)

(61)

Compare these expansions with those in Eqs. (36), (39c), and
(40). The superscript c in Eqs. (61) indicates that these quanti-
ties pertain to constrained hinges, whereas the index a
(a= 1, . . . ,00), instead of the previously used 0*,j>), sharpen
the difference between hinges-free and hinges-locked modes.

To develop properties of the hinges-locked modes, substi-
tute the expansion (61) first in the translational equation (60a).
Employing the law of conservation of linear momentum, we
deduce the linear momentum pc of the vehicle with locked
hinges, and the zero-linear-momentum property of a hinges-
locked mode:

mR0-cxQ0=pc (62a)

™xoa-cx<fe+pa
c = 0 (a= 1,. . .,00) (62b)

where the modal momentum coefficient pc
a is defined as

(63)

Compare these withp^ and/?e/i in Eq. (44). Analogously, owing
to the law of conservation of angular momentum, substitution
of Eq. (61) in Eq. (60b) gives rise to

(64a)

(64b)

where hc is the angular momentum of the vehicle with locked
hinges, and the modal angular momentum coefficient hc

a is
defined as

(65)

Again, compare Eq. (64b) with Eq. (46), and the definitions of
Eq. (65) with Eq. (47). The zero-momentum properties (62b)
and (64b) of the hinges-locked vehicle modes are similar to
those of the vehicle modes of a spacecraft with cantilevered
appendages, a detailed theory of which was set out by
Hughes.5
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To obtain useful dynamic boundary conditions from Eqs.
(60c) and (60d), note that, becausepc and hc in Eqs. (62a) and
(64a) are constant and because the associated 6x6 mass matrix
is nonsingular, it follows that

RO = 0 GO = 0 (66)

The conditions (66), the expansions (61), and the sinusoidal
time dependence of the modal coordinate rjc

a(t) at the fre-
quency uca lead to these boundary conditions:

(67a)

(67b)

which may be compared with their counterparts, Eq. (52).
Furthermore, the eigenvalue problem originating from Eq.
(60e) owing to the modal expansions [Eqs. (61)] and conditions
[Eqs. (66)] is

(e = 2, . . . ,8) (68)

which is associated with the boundary conditions of Eqs. (67).
When the eigenvalue problem (68) is compared with Eq. (53),
the absence of the rotation at a hinge in Eq. (68), according to
the intrinsic property Eq. (59) of the hinges-locked modes, is
evident.

The orthogonality conditions are now determined. The
hinges-locked vehicle modes are composed of the modal trans-
lation xo« and rotation </)c

0a of the entire vehicle, modal transla-
tion xfa and rotation 0fa of (Ri relative to (Ro, and the modal
deformation Ze

c
a (e = 2, . . .,8). Analytically, the crth mode is

expressed as

Zfa A tfa - i (69)

which, again, may be compared with the hinges-free vehicle
mode Zv(r) in Eq. (38) and Zvl(r^ in Eq. (39a). The orthogo-
nality of Z£ to the rigid modes 1 and -rfp (p =0,1,. .. ,8)
leads to the conditions

Zc
a(r) dm = 0 r&Z&r) dm = 0 (70)

which are the same as the properties (62b) and (64b). By virtue
of Eqs. (70) and (69), the orthogonality of the mode Z£ to the
mode Zjj is expressed as follows:

(71)

Next, the orthogonality of the mode Zc
a to the stiffness opera-

tor <£e, Eq. (68), and the boundary operators (Btt and (B0, Eqs.
(67), is found to be

(72)

The stage is now set for discretizing the original Eqs. (35),
which include the articulation motion at hinges. Inserting the
modal expansion (61) in Eqs. (35a) and (35b) and recalling the
zero-momental properties [Eqs. (62b) and (64b)], the vehicle's
translation and rotation equations transform to

mR0 - c x Go - = FT (73a)

(73b)

which resemble Eqs. (58a) and (58b). Because a modal expan-
sion for the articulation angle Bm does not exist now, unlike the
expansion in Eq. (36) earlier, Bm itself appears in Eq. (73a) and
(73b). Next, to discretize the rotational motion [Eq. (35c)] at
a hinge, define a coefficient hc

ma analogous to Eq. (49):

(74a)

hc
ma= \ r£Zc

ma(rm)dm

(m =3, . ..,8; « = ! , . . . , G O )
and an inertial modal angular momentum coefficient associ-
ated with the motion Bm

(74b)/O

Equation (74b) is a counterpart of Eq. (48), except that unlike
Eq. (48), Eq. (74b) is not a zero-momentum property. Equa-
tion (35c) is now discretized to

(m =3 , . . .,8) (75)

From Eqs. (73) and (75), it is evident that, unlike the hinges-
free vehicle modes, the hinges-locked vehicle modes do not
decouple R0, 90, and 0W (w = 3,... ,8) from tfa (a = 1,. . . ,00).
To discretize the partial differential equations (350 and (35g)
in conjunction with the boundary conditions (35d) and (35e),
we employ the expansion (61), the properties (62b) and (64b),
and the eigenvalue problems (67) and (68). In the process, Eqs.
(73) are used to replace R0 and 90 in terms of Om,FT, and Gr,
and the inner product

is performed. These steps yield the modal coordinate equation

r,0 dv

(«=!,... ,00) (76)

Equation (76) does not have, as expected, a term analogous to
</>m>(GZ! + G%c) of the right side of Eq. (58d). The mass matrix
associated with Eqs. (73a), (73b), (75), and (76) is symmetric.

IV. Dynamics of Space Station with
a Mobile Manipulator

The space station is outfitted with a mobile manipulator.
Our objective now is to modify the continuum equations (35)
to incorporate the motion of the manipulator on the de-
formable keel. Li and Likins12 have derived the expressions of
partial velocities, generalized inertia, and active forces for a
cart having mass and moments of inertia and traveling on a
curved, deformable track on an inboard or an outboard body
of a spacecraft with tree topology. The derivation of final
equations of motion, however, for the entire spacecraft is left
as an open problem. The problem posed here is simpler: the
manipulator is a point mass, and the undeformed track is
straight; unlike Ref. 11, though, complete motion equations
are furnished here.

Let the instantaneous position of the manipulator on the
deformed keel (Fig. 3) be given by a scalar variable s(t), and
let s be its rectilinear speed along an instantaneous tangent unit
vector ta on the deformed keel S2. This speed is relative to the
instantaneous point of attachment of the manipulator to 82. In
the undeformed position, s(t) equals the location vector r2a
emanating from the origin O2 (Fig. 3). The unit vector triad
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NORMAL
DEFORMED £ 2

MOBILE MANIPULATOR

Fig. 3 Mobile manipulator traversing the keel.

b\2\ £|2)> ^32) associated with the frame 5^ at the origin 02 is
shown in Fig. 3. In this frame, the unit vector ta is

7>5== dff
(77)

The derivatives y,s depend on the direction of motion of the
manipulator and the deformational rotation 0/a of 82 at r2a(t).
Specifically, if the manipulator is traveling along the b{2\ b^9
or Z>3

(2) axis, then, in that order,

or

or

(78a)

(78b)

(78c)

(79)

where col(-) = one of the three columns of (•) depending on
the direction of motion of the manipulator. Its inertial velocity
wa is

where 6fa £ [Ofa{ Bfa2 Ofa3]T. Therefore, in general,

col(l + O

(80)

where 6a is the vector of the total angle of rotation at the
attachment point of the manipulator, U2a(t) = u2(r2a9t)9 and
J"o20(0=£o + Ro2r2a(t)- To determine the inertial acceleration
wa of the manipulator, recognize that

= sR02[x9Sy9Sz,s]T

[x,sy,sz,s]=s[x9SSy9SSz9SS]

(81)

(82)

where the second spatial derivatives are obtained by spatial
differentiation of Eqs. (78); for instance, corresponding to Eq.
(78c)

frlfl,. H0. . 1

(83)

The inertial acceleration wa, then, obtained from Eq. (80), is

+ sR02 col (1 + B x ) + 2s col (00
X) (84)

Let the manipulator be a point mass ma. The integral of the
variation of its kinetic energy Ta is then

dt (85)

where dwa, from Eq. (80), is

d wa = 5i0 - dsR02 col (1 + (?a
x ) (86)

In addition, assume that a control force vector Fata acts on the
manipulator; this force is taken to be reactionless; that is, it
does not produce a reaction force that will act on 82. The
virtual work bit performed by Fata equals

= Fa [row[l]j j&to - + Fads (87)

where row [1] is one of the right-hand sides of Eq. (78) with the
rotations 6fa ignored. Incorporating Eqs. (85) and (87) into the
original application of Hamilton's principle in Sec. II, the
following modified form of Eqs. (35a), (35b), and (35f) and
one additional scalar equation for the motion of ma are ob-
tained:

(88a)+ Fa £col [1]]

c x£0 + Jo +

£2u2 +

(88b)

oWfl6(r2-r2a)

) (88c)

mas = Fa (88d)

103!

6a
10-1-g

10-
0 10 20 30 40 50 60 70 80

HINGES-LOCKED MODE NUMBER oc

Fig* 4 Modal coupling coefficients /?6« («
array 85 about the ̂  axis.

,. . .,78) for the solar
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Table 1 Symmetric 8x8 mass matrix of the space station having only 85 and 87 articulated bodies,
each with only one axis of relative rotation (MRS units)

0.

-0.
0.

.152847E + 06
0.0
0.0
0.0

.107233E + 07

.740154E + 04
0.0
0.0

0.0
0.152847E + 06

0.0
0.107233E + 07

0.0
0.425819E + 05

0.0
0.0

0.0
0.0

0.152847E + 06
- 0.7401 54E + 04
-0.425819E + 05

0.0
0.0
0.0

0.0
0.107233E + 07

- 0.7401 54E + 04
0.133607E + 09
0.475491E + 05
0.799559E + 06

0.0
0.0

-0.107233E + 07
0.0

-0.425819E + 05
0.475491E + 05
0.124234E + 09
0.522313E + 05
0.757040E + 06
0.757041E + 06

0.740154E + 04
0.425819E + 05

0.0
0.799559E + 06
0.5223 13E + 05
0.143100E + 08

0.0
0.0

0.0
0.0
0.0
0.0

0.757040E + 06
0.0

0.757041E + 06
0.0

0.0
0.0
0.0
0.0

0.757041E + 06
0.0
0.0

0.757041E + 06

(b)

o>H (Hz) 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(a)

C (Hz) 0.2 0.4 0.5 0.6 0.7 0.8 0.9

Fig. 5 Natural frequencies of 30 hinges-locked and hinges-free
vehicle modes.

TORQUE PULSE DURATION, ACCELERATION = 0.01 rad/s2

°-50 (tig/sec)

TIME (sec)

Fig. 6 Response of the solar array 85 to a torque pulse.

where [col [1]] = [row [l]}r. The remaining equations in the set
(35) do not change because the manipulator is assumed to
travel only on the keel 82. In the scalar equation of 5, Eq.
(88d), the Coriolis and the centripetal terms of Eq. (84) do not
appear because they are orthogonal to the cart's direction of
motion. These terms are nevertheless present in Eqs. (88a-
88c).

Discretization of Eqs. (88), along with the unchanged Eqs.
(35c-35e) and (35g), is an important matter, but that will not
be considered here. It is clear from these equations, though,
that now we require the entire mode shape of the structure 82,
unlike the earlier case, in which modal data were needed only
at the sensor and actuator locations.

V. Numerical Results and Discussion
Hinges-free discretized equations (58) and hinges-locked dis-

cretized equations (73), (75), and (76) are similar to the modal
equations that correspond to the NASTRAN-generated nu-
merical data concerning hinges-free and hinges-locked vehicle
modes. They will be identical if Eqs. (58a-58c) are subjected
to a similarity transformation to arrive at modal rigid modes,
and likewise if the 6x6 mass matrix associated with R0 and
00 in Eqs. (73a) and (73b) is orthonormalized by a similar-
ity transformation. In the hinges-free case, selection of elas-
tic modes depends not only on the frequency co^, but also
on the modal coefficients x<v» *OM> X\i» *IM» z2/Xr2/)» <t>mn
0*= 1,. . . ,00; m = 3,. . . ,8) in Eq. (58d). Analogously, in the
hinges-locked case, the selection depends on the frequency coca,
the coupling coefficients /i£(a, and the coefficients xo«» - • • >
(a=l, . . .,00; m=39. . .,8) in Eq. (76). For instance, the
scalar coefficients /?§« (a = 1,. . . ,78) for the solar array 86
about the y axis, which is the axis of once-per-orbit rotation,
are shown in Fig. 4 in MKS units. Clearly, from the standpoint
of solar array £6, the hinges-locked vehicle modes a- 1, 2, 3,
4, 7, 9, 10, 18, 19, 20, 24, 35, 44,. . ., that have larger h& are
more important than the remaining modes. Suppose that the
space station has only the articulated bodies 86 and 87 (solar
arrays with radiators) arid that these two bodies have only
j>-rotational degree of freedom. Then, the symmetric 8x8
mass matrix associated with eight discrete degrees of freedom
/?o, e0, (06, 07) [Eqs. (73) and (75)] or (06, 07) [Eqs. (58a-58c)]
is illustrated in Table 1 in MKS units. Here, 06 and 07 are the
angles of rotation of 86 and 87 about the y axis relative to the
keel, whereas 96 and 97 are their rigid angles of rotation.

Figure 5a illustrates the hinges-locked frequencies coca
(a=l, . . . ,30) obtained from NASTRAN, the lowest fre-
quency being close to 0.1 Hz (the ordinate in Fig. 5 has no
importance). The hinges-free frequencies COM (/* = 1,. . .) can be
obtained directly from NASTRAN; however, if they are com-
puted from coca (a- 1,... ,30), those shown in Fig. 5b follow,
where co29 (0.78 Hz) and co30 (0.85 Hz) are nearly three times the
corresponding ̂  (0.270 Hz) and co§0 (0.271 Hz). Experience
suggests that the predicted values of co29 and co30 are unreliable.
This result is nevertheless shown here because it helps us to
understand the simulation results based on hinges-locked
modes [Eqs. (73), (75), and (76)] and shown in Fig. 6. Hinges-
locked modes are chosen to simulate space station dynamics
because, as Ref. 13 demonstrates, for a given number of elastic
modes, they furnish a higher-fidelity model than the hinges-
free modes do, when a nonzero control torque exists at a
hinge. Figure 6 portrays the angle of rotation 06 and the rate #6
of the solar array 86 subjected to a torque pulse that generates
a constant acceleration of 0.01 rad/s2 for the first second; after
that the array is left to swing freely. The variables 06 and 06
pertaining to a rigid solar array are also shown in
Fig. 6. The attitude response of the flexible array is seen to be
oscillatory (with a damping factor of 0.4%) with a frequency
of —0.8 Hz although, surprisingly, the highest hinges-locked
vehicle mode frequency present in the simulation is 0.271 Hz.
The conclusion emerges that one of the previously mentioned
spurious hinges-free modal frequencies, o>29 or a)30 (although
they were never computed to integrate the hinges-locked equa-
tions) has manifested itself surreptitiously in the free response
of the solar array. Thus, evidently, the simulation program
based on hinges-locked modes is not appropriate for studying
the free-hinges response, although these modes are more desir-
able than the hinges-free modes for control design purposes.13

VI. Concluding Remarks
The motivation for deriving the preceding two sets of dis-

cretized linear equations of motion of a deformable, multi-
body space station was to be able to rapidly and economically
iterate the control systems designs for the entire spacecraft and
for the articulated bodies. Strictly speaking, the equations are
valid for a three-axis stabilized spacecraft with small motions
of all articulated bodies. However, if the spacecraft rotates
once per orbit at a small rate (say, 0.06 deg/s, a 100-min orbit),
the equations may still be used to design fast control sys-
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terns—those that capture target trajectory within, say, 3 min
(10.8-deg travel) during which, for instance, the solar arrays
tracking the sun would have moved by 5.4 deg from the earlier
nominal orientation and during which other articulated bodies
may not have transgressed the linear limits. These equations
serve other purposes as well. The modal coefficients in the
equations indicate the importance of a mode, so that the
modes can be selected on the basis of their magnitudes. Be-
sides, a comparison of the two sets of motion equations yields
identities between hinges-free and hinges-locked modal param-
eters.13 This comparison can be pursued further. Another im-
portant extension of this work is to devise hinges-free and
hinges-locked vehicle modes for a spacecraft with more com-
plex tree topology than is considered here and with closed
loops of flexible bodies. That these equations are formally
identical with those arrived at numerically with NASTRAN is
immensely fortunate because, as a result, the simulation engi-
neer is disencumbered from solving the preceding complex
continuum eigenvalue problems of hinges-free and hinges-
locked vehicle modes—NASTRAN having modeled them al-
ready via sophisticated finite-element techniques.
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