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Hinges-Free and Hinges-Locked Modes of a
Deformable Multibody Space Station—A Continuum Analysis

Hari B. Hablani*
Rockwell International, Seal Beach, California

An analytical theory of two classes of vehicle modes for a multibody, deformable space station is presented:
1) hinges-free modes and 2) hinges-locked modes. Both modes are defined for the space station completely free
in space; the former modes refer to free hinges, and the latter to locked hinges. Associated eigenvalue problems
and orthogonality properties are developed and used to arrive at concise linear motion equations. The concise-
ness transpires because, with these vehicle modes, the translational and rotational deformations of an inboard
body at a hinge have a simple modal expansion. Modal momental coefficients associated with both classes of
modes are formulated. They play a pivotal role in discretization of partial differential equations governing the
dynamics. The analysis is general: elastic deformation is three dimensional, structures have arbitrary geometry
and obey Hooke’s law of elasticity, and hinges are universal joints. The modal coefficients and dynamics of the
space station are illustrated, and the pitfalls in using hinges-locked vehicle modes to predict hinges-free response
are identified. A continuum formulation of dynamics of the space station with a mobile manipulator is also

furnished.

1. Introduction

OR simulating dynamics and control of an inertially stabi-

lized multibody spacecraft, deformations of its elastic
components have been variously treated. Generally, it is ex-
pressed in terms of appendage modes. To improve fidelity of
the simulation, appendage modes of ‘‘augmented bodies”’
have also been suggested.! In 1975, Hughes,? while dealing
with the dynamics of the remote manipulator arm, which con-
sists of several links and is attached to the Orbiter, expressed
the deformation of the arm in terms of ‘‘fixed-hinge arm
mode’’ (see Sec. 3.1, p..5, of Ref. 2). These modes are obtained
by constraining the Orbiter (the main body) to zero rotation
and translation and by constraining the rotation at the hinges
of the links of the arm. The hinges are, of course, allowed to
translate freely in these modes. Intuitively, these modes are
superior to link modes because one fixed-hinge arm mode
contains, loosely speaking, one mode of each link plus the
dynamic interaction between the links. In 1979, Hughes® em-
ployed these modes to discretize the dynamics of a chain of
flexible bodies. In Ref. 2, Hughes also conceived of a ‘‘fixed-
hinge spacecraft mode,’’ a vehicle mode, which is defined by
locking, as before, all hinges in order to suppress the relative
rotation of the articulated bodies, but which allows the entire
spacecraft to vibrate freely in space. Hughes expanded on this
idea in Ref. 4, in which he defined ‘‘external’’ and ‘‘internal”
rigid-body (ERB and IRB) modes, where the former are the
standard six rigid modes of a free spacecraft and the latter
include articulation, ball-in-tube damper, wheel, or any other
internal rigid-body motion (see Ref. 4, pp. 7.68-7.88). To
facilitate modal analysis of a multibody spacecraft, Hughes*
then defined the ‘‘IRB-constrained mode,’’> which subsumes
his earlier? ¢‘fixed-hinge spacecraft mode,’”’ and ‘‘IRB-uncon-
strained mode,’’2 which are defined by keeping hinges as well
as spacecraft free in space. However, these ideas have not been
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pursued in detail in Ref. 4. Because, in this paper, the inter-
nal rigid-body motion is articulation motion at hinges, we
shall use the alternative name ‘‘hinges-locked’’ instead of
““IRB-constrained,”” and ‘‘hinges-free’’ instead of ‘‘IRB-un-
constrained’’ vehicle modes. Hinges-locked vehicle modes are
indeed the same as the unconstrained vehicle modes theorized
by Hughes® for a spacecraft with cantilevered appendages. A
distinct characteristic of the hinges-locked and hinges-free
modes is that the entire multibody spacecraft is treated as a
single elastic body. Interestingly, DISCOS can also treat multi-
body spacecraft in that manner by expressing the deformation
in terms of what Bodley et al. call ““geometry modes’’ in
demonstration problems 2 and 4, and ‘‘normal modes” in
demonstration problem 3. However, Ref. 6 employs Lagrange
multipliers and therefore does not offer a minimum number of
motion equations for a multibody vehicle. Jones’ determines
system modes for a flexible multibody spacecraft using the
classical Craig-Bampton component modal synthesis tech-
nique and updates them as the articulated components trans-
gress the linear range around the past nominal orientation. But
Ref. 7 does not furnish a mathematical theory of system modes
of multibody spacecraft. In the finite-element discipline, there
are sophisticated component modal synthesis techniques, such
as that of MacNeal,® more recent than that of Craig-Bampton.
Indeed, using precisely these techniques, the NASTRAN pro-
duces numerical values of both hinges-free and hinges-locked
vehicle modes of a multibody spacecraft. Nevertheless, the
finite-element theory of component modal synthesis (Mac-
Neal® and Hintz,’ for instance), generally illustrated with air-
craft and missile structures, seems remotely related to a flex-
ible multibody spacecraft. Consequently, an analytical theory
of hinges-free and hinges-locked vehicle modes of a multibody
spacecraft based on continuum mechanics is desired. To de-
velop such a theory is the objective of this paper. This theory
is sought because it will then establish a clear interpretation of
NASTRAN-generated hinges-free and hinges-locked numeri-
cal vehicle modes. The vehicle modes are desirable because, for
a given number of equations, they offer a higher-fidelity model
than the appendage modes do and ease the process of selecting
modes for simulation. They do suffer from this oft-quoted

» limitation: once the components rotate about their hinges be-

yond the linear range around a nominal orientation, the modes
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must then be replaced by a new set of appropriate vehicle
modes; but this seems a little price to pay for the benefits the
vehicle modes offer.

The objectives of this paper are accomplished by consider-
ing the dynamics of the power tower configuration of the space
station, modeled here as comprising two rigid and seven ¢lastic
bodies in a simple tree topology. A combination of ordinary
and partial differential equations of motion are developed by
employing Hamilton’s principle. These equations are then sub-
jected to modal analyses, and the associated contihuum eigen-
value problems and orthogonality propetties of both types of
modes are formulated and used to arrive at concise, linear
modal equations of motion that are of the same genre as
NASTRAN modal equations. Their corciseness stems from
subsuming the translational and rotational deformations at
hinges in the continuum system modes. Modal momental coef-
ficients that appear in the discretized equations are formu-
lated. A secondary objective of the paper is to present a contin-
uum set of motion equations of the spacé station with a mobile
manipulator.

II. Continuum Formulation of
’ Space Station Dynamics
In the following linear analysis, different subscripts connote

different sets of bodies of the Space Station; specifically, note
these ranges:

PaQ=0,1,2,3,. . .,8
i,j =123,...,8

€e=2,3,...,8
mmn=3,...,8 Q)]

Besides, a vector pertaining to the body-p is expressed here,
unless stated otherwise, in the body-attached frame J,. The
letters R and & signify, respectively, rigid and elastic bodies.

An idealized schematic diagram of the proposed space sta-

tion (ca. 1985, when this analysis began) is shown in Fig. 1. It
comprises two rigid bodies (®,, ®,) and seven elastic bodies
(&, €=2,3,...,8). The rigid body ®, is a logistic module. It
may be docked with the Space Shuttle, and it has both transla-
tional and rotational degrees of freedom. The body ®,, on the
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Fig. 1 Schematic model of the space station (powei' tower configura-
tion).
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other hand, is at the intersection of the longitudinal and trans-
verse keels and, being in the middle of the elastic structure &,,
it alters the nature of the vibrational eigenvalue problem in
some peculiar way that will be seen in Sec. III. It houses
control moment gyros and other appliances to control the
attitude of the spacecraft. The elastic structure &, is the entire
keel structuré, including its longitudinal and transverse
branches, and ®¢ and R, are cantilevered to it. The remaining
components &, are all elastic and hinged to the keel at differ-
ent locations. These components are module radiators (&3, &,);
antennas (8§, &), and solar arrays with radiators (&, §7). All
hinges are assumed to be universal joints although, after being
developed, the equations can be modified readily to model two
or one degree-of-freedom hinges. Nominal undeformed loca-
tion vectors of the cantilever root O,, Lo, of the hinge O,,,
L,,,, and of the mass center &, r,; are all defined in different
frames in Fig. 2. The frames F, and F, are attached, respec-
tively, to the bodies Ry and ®; at their mass centers &, and
@, whereas the frames &, (e=2,...,8) are attached to the
body &, at the root O, for e=2 and at the hinges O,, for
m=3,...,8. Avector éxpressed in the frame &, is tranisformed
to a vector in the frame &, by premultiplying it with the trans-
formation matrix Rp,.

Masses, inei'tias, and Displacements

The mass. of body-p is denoted m,; the mass of the entire
spacecraft is . Then, in = Zmy,,; where the range of summa-
tion over p is given by Eq. (1). The first moment of inertia of
&,» with respect to the hinge O,, and that of any body-j rela-
tive to the mass center @y of ®, are, respectively,

Cm = Mpylem Coj = M;reg; (2)

where r.; originating from @, locates the mass center of the
Jth body in the frame &, (Fig. 2):

j = 1,2: Fegj = L() + Rojrcj
J=m: teom = Lo + RpLom + Rom¥em 3)

The first moment of inertia ¢ of the entire spacecraft about the
mass center &, will then be

¢ =mr. =Ley; @
FRAME | LOCATION VECTOR
& i % (lo.Lom
N Ic01.5c02 TeOm,
L. | |3 @& |rn
T b 02 |Ic2.12.L2m

Fm | Om  [IcmIm

A
Ic01=Lo + Bp1 Ict

1e0221, + Rgale2

I
I02

A
IcOm = Lo + Ro2 Lam + Romfem

A
Lom = Llo + Bozlom
m=3,4,..8}

NOT TO SCALE

Fig. 2 Location vectors of hihges, mass centers, and elemental
masses of component bodies of the space station.
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where- 1. is the vector from e to the vehlcle mass center @
(F1g 1). The second moment of inertia of ®, and ®, abouit
their mass centérs ®,and @, in their local frames are denoted,

respectively, Iy and I;. On the other hand, J,; is the inertia
dyadic of the undeformed body §&,, at the hinge O, in F,;; J?

is the inertia dyadic of ith body about the mass center @, in
the frame F:

i1, 70 X o
i=1: J7 ARy i Ryo— mird 1

=704 —S P i din )

whire the superscript X on a vector-means the corresponding
3 x 3 skew-symmetric matrix, the notation §, means integration
over the elastic body &,, and r,, is the vector from &, to an
undeformed generic point of &, (Fig. 2):

€=2: i‘oz =Lo+ Ry 1>
€= m; om = Lo+ Ry Loy + Romln ()

and 7, emanates from the origin 0 Inemal interaction be-
tween the m th articiilated body and the body R, is represented
by a cross-inertia dyadic Jo,;,

JOm.A. _S‘ I'())f,,r;;,( dm =R0me _LO)r(n-R.Omcr;t< (73.)
- m

where (Fig. 2) ’
m =Lo+ RyyLom - ()

Clearly, Jy,, is riot a symmetric-dyadic and, in Eq. (7a); it can
be postmultiplied only with a vector in the frame &,,. Like-
wise, the cross-inertia dyadic Jo,,, can be postmultlphed only
with a vector in the % frame (the superscnpt Ton{"] s1gn1f1es
the transpose of [ *]).

Turning attention to the linear dlsplacements, the local or-
bital frame &, (the unit vector triad e;,e,,e; in Fig. 1) of the
space station is taken to be an inertial frame. Nominally, the
origin O, of the orbital frame coincides with the composite
mass center ® ; however, when the spacecraft deviates from its
orbital equilibrium, O, retains the nominal orbital motion
while ® moves away from O, by 1o—rX 8g, where roand 0, are
the ceritral, first-order displacement and rotation vectors of ®,
relative to &,. The first-order dlsplacement of ® at a field
point rois

(Ro: Wo =Rg— rox 001 ) . (8)

The central translational and rotatlonal perturbational véloe-
ities of &, relative to F, are ¥, (=4ig) and @ (= 6y). To deter-
mine the displacemerit of‘ the body R, let u,(7,,¢) be the de-
formation at a field point r,¢8;, and
w0,1)=0, V*u0,6)=0atr,=0 - ©)
where v is the del operator; Now, the diisplacemen‘t‘ of the
mass center @; of ®j, u; (¢), and the rotation 7 (¢) of ®,, both
caused solely by u,, will be
u'(t) ARpuy(®1,1) bﬂ*‘A 1/‘2R12'[VXl‘x(“’ht)] (10)
Then the deformauon-caused angular velocity of (Rl relative to
®Ro will be Q; A 6}. Note that, unlike other articulatéd bodies,
, is not a discrete angular velocity. The displacement wi(ry,t)

of a field point r,e®, (Fig. 2) telative to its orbital equilibrium
position expressed in the frame &, is

®Ry: wy = Rio(to—1{60) + uy(r1,1) (11a)
roi ALg + Roy(rei +11) (11b)
uy = uy —ro; (11¢)
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The inertial displacemént w;(r,,t) of the keel &, is
82 wra,t) = Riglko—r 0200) + uy(ry,t) (12)

The deformation Uy and the deformatioﬁ-caused angular ro-
tation #,,, at each hinge O,, in the frame F, are

Uam () AtsLyr1)s Oan(0) 4 49 uz(Lsz)
(m=3,...8) ) 13)

Denote the vector of small angles of artxculatlon motlon of the
body &,, about the hinge O,, by 0 (8 A%5,); and let the de-
formation u,,(r;;,t) obey the condltlons of zero deformation
and zero slope at the root O,,. Then the inertial displacement
Wy (P 32)€8y, 18

Em: wmv(rm 1) = Rmo[’bo(t)—"ofn 00(1)] + Rppttn (2)
"rr:z( (RmZBZm +0m) +.um(rn_l ,t) (14)

To facilitate system modal analysis performed in Sec. III,
define

Um(rmst)éRmiUZM(t) —rl;l( Rm202m(t) + um(rmat)
(m=3,....8) (1%

which contracts wy, (rn,,t), Eq. (14), to

Wi (Pmst) = Rn;o[/bo(t ) =706 — 17 0, () + Up(rmst) (16)
Clearly, U (rmst) is local deformatlon whereas Uy, (ry,t) is
total deformation at r,,e8,,, treating the entire spacecraft as a
single elastic body.

Becausé the orbital frame . is taken to be inertial, the
derivation of inertial velocities of all bodies from Egs. (8),
(11), (12), and (16) and the development of the kinetic energy
expression of the space station are stra1ghtforward for details,
see Ref. 10. It is reiterated that the variables ¥, Qo, @15 Qs
and u, are ‘all first-order infinitesimal quantities; therefore,
their products are of second order and thus negligible.

Stram Energy _ )

In this subsection, the comma notation for partial dlfferen-
tiation, and the summation convention for a repeated index,
will apply to the indices o and 8. The strain enérgy density
function k£ of a deformable structure is related to stress and
strain tensors according to Ref. 11, Eq. (1); p. 127, and Eq.
(4), p. 128. Its variation, &k, is found to be

ok = 00gOttes (@B =x.9,2) a”n
where 0o is the stress tensor and u, is the deformation along
the o axis. The 6K, variation of the strain énergy of the struc-
ture &, is related to 8k thus:

K, = j ok dv (18)

where di is a volume element of the structure &.. Substitute
Eq. (17) in (18), and because

(aotlf;aua)aﬁ = 6&6(61:40:)’6 + Buaaaﬂ,ﬂ . (19)

invoke the Gauss theorem [Ref. 11, Eq. (2), p. 117] to convert
the volume integral associated with the term on the left side
of Eq. (19) to a surface infegral around the boundaries; and
obtain

oK, = “‘i\ aaﬁ’,géua dv + SS a&ﬂauavﬁ ds (20)

where VB‘(B =x,y,7) are the components of the outward normal
v at the elemental surface area dS of the boundary S, of the
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body &.. It is more useful to write the stress tensor 6,4 in terms
of displacements and their derivatives. Using the stress-strain
relationship for an isotropic elastic material [Ref. 11, Eq. (7),
p. 129] and strain-displacement relationship given by Cauchy’s
infinitesimal strain tensor [Ref. 11, Eq. (6), p. 94], the first
term (the volume integral) in Eq. (20) can be rearranged as

- Loaﬁ,ﬂauo, dv = S Ou)(Lu)dv 1)

[the summation convention for the indices « and 8 does not
apply to the right side of Bq. (21)]. The differential operator
£, for the isotropic structure &, is [compare the following
definition with that in Ref. 11, Eqs. (20) and (19), p. 156, and
recall that Vi = v(V-u) — V X (V xXu)]

L AGV X (VXU)—AA+2GIV(V-u) (22)

where G, and \, are Lame’s constants for the isotropic struc-
ture &,. Likewise, the boundary integral, the second term in the
right side of Eq. (20), can also be written as

L Gagdtlor AS = X 'pT[xE(v Tu)1
¢ S,

+G, {ue,x + (ue,,,)T}] du, dS (33)

where the 3 X 3 matrix in the square brackets equals symmetric
stress tensor, 1 is a 3 X3 identity matrix, and u., is a 3%3
matrix of partial differentiation of u, with respect to the vector
X2(x,y.x.)T. For a multibody spacecraft, when the inboard
body deforms at the hinges, the motion equations are more
compact in terms of the total deformation U, (r,,,¢) defined by
Eq. (15) than in terms of the local deformation u,,(r,, ,t). For
this reason, substitute the variation of Eq. (15) in the right side
of Eq. (21) (recall that for.e =2, u; A U,). Next, from the free-
body diagram of the mth articulated body, generate two con-
ditions that insure the force and moment balance at the hinge
point O,, in the absence of the hinge control torque. The right
side of Eq. (21) then transforms to, for e=m

S (5um)T(£mum) dv = (Ott2m) TFE" + (02) TG

+§ (Un) (L mUp) dv ‘ (24)
m - .
where F¥" and G¥" are the unknown constfaint forces and

torques acting on §,, and exerted by the bpdy &,. For a three
rotational degree-of-freedom hinge, G¥"' =0; ‘nevertheless,
G#" is retained here in order to include a hinge with fewer than
three degrees of freedom in the analysis. Now, bécause for all
articulated bodies, the deformation u,, satisfies the condition
of zero deformatlon and zero slope at the hinge O,,, the vari-
ation 6um in the boundary term Eq. (23) must be zero. Conse-
quently, when we employ Egs. (20), (21), and (24), the varia-
tion in the strain energy of the mth articulated body is found
to be

8K,y =S (6U,,,)T(£ U,) dv + (ul,)F2" + (66L,)GH

(m=3,...,8 ' 25)

For the keel structure &,, the boundary S, conSISts of the hmge
points Oy, (m =3, . . .,8), collectively called S%, and the inter-
face between &, and ®&,, denoted by S5. The traction forces
and torques F/}? and G#?, equal and opposite to FF™ and GZ™"
in Eq. (24), act at the hinge points. Note that the left side of
Eq. (23) can also be written involving a traction force T* at the
boundary S [Ref. 11, Eq. (2), p. 63], which then is rearranged
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in terms of Ffj* and G#? to yield

, — v, Sy _ v/ T NEm2
L;ouﬁauauﬁ ds = L{T buy = Y [ @ud) Fi

+ 06,6 26)

On the other hand, unknown shear forces and bending mo-
ments exist at the interface S7. To express these symbolically,
note, from Eq. (11b), that

@S§: Suy = duy = dul — ri*(89)80° @7

Inseit Eq. (27) in the right side of Eq. (23), and define the
boundary operators

e=2: (B,,uzé S [)\z(leh)l + G2{ll2’x +(ll2,x)T}j| 14 dS
= sy

Botz A L,rﬁ S MV T8I + G ftn o + (“Z:X)T}] vds
; 28)

where, recall, G, is Lame’s constant for the elastic body-2.
Then, based on Egs..(20), (21), (23), and (26-28), the variation
in the strain energy of the keel structure, 6Kj, is obtained:

6K = = X {(Gul, ) F3" +(603,) G} + L(auz) T8,u, dv

+ (Buur)Tout” + (Bouz) 807 29

The variation in the strain energy of the entire vehicle, 8K, is
derived by adding 6K, (m =3,. . .,8), Eq. (25), and 8K,, Eq.
(29). The nonworking constraint forces and torques at hinges
cancel mutually, and we arrive at

oK = Ej (La)T8U.dv + (B,u)T0u] + (Bau) ™80} (30)

Surprisingly, we could .almost write Eq. (30) by inspection if
we treat the space station as one elastic body and use total
deformation variable U, [noté that £.u.= £ U] because then
the unknown constraint forces at hinges do not appear in the
analysis. The painstaking and perhaps prima facie abstruse
derivation above is nevertheless presented so as to erect a
logical scaffolding for Eq. (30).

External and Control Forces and Torques

Let F and G” be a force and a torque acting, respectlvely,
at and about the mass center @, of ®, (»p =0 and 1 only). If
control moment gyros reside in ®;, the torque exerted by them
is included in G{. The torque experienced at @, because of F}
and G{ will be G, where

G? A R G} + r§ Roy Fi @y

Next, let f.(r,t) be a distributed force per unit volume acting
at r.e8,.. With the aid of the Dirac delta function and the del
operator V, f(r.,t) can model a point force F¢;(¢) at r €8,
produced by jets, a distributed torque g.(r.,?), or a concen-
trated torque GS(f) at r.geS. exerted by reaction wheels or
control moment gyros, for when they all act simultaneously,

FLrat) = F5@3(re—ra) + %V *[8rat)+ GAOr~16)]
| (32)

where 8(r.—r, [) is a three-dimensional delta function. The to-
tal force F¢, the total torque Gj; about the hinges O,,, and the
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torque G? about @, arising from f, are

F= S.fe(re!t) dv, Gn= § T fm AU,
€ m

Geo = j r0>e( ROefe(re’t) dv (33)

These external forces and torques are reactionless, unlike the
control torque G/7. acting on &,, at the hinge O,,. Finally, the
total external or control force Fr and torque Gr acting on the
space station about the mass center @, are

Fr=YRy,F} Gr=YG) (349

The virtual work performed by the preceding forces and
torques is derived in Ref. 10.

Continuum Equations of Motion

If we invoke Hamilton’s principle on the variation of kinetic
and strain energies and on the virtual work, we obtain the fol-
lowing linear equations of motion of the space station in the
neighborhood of the orbital equilibrium:

m,./o —-c XQO — EROmC,:,( Qm + m1R01i1’1"

+ Zj RoU.dm = Fr (35a)
c* f/o + JQO + EJoQO + m,rgalRmﬁf + R())Ilar
+ er@ RoU.dm = Gy (35b)

X RuoVo + T, 00 + TuQm + Smr,; U, dm = GI. + G

(m=3,...,8) (35¢)

my(Ryo¥Vo — Rioresi$o + i) + Rio(®,u5) = F s (35d)
LRy + B7) + Riy(®ou) = G ’ (35¢)

L1ty + 0 (RyoVo— Rygres Qo+ i) = fo(ra,1) (350

£mum + om(RmOVO_RmOr())r(nQO_rr;I( Qm + Um) =fm(rm7t)
(m=3,...,8 (35g)

Equation (35a) governs the translational motion %4, Eq. (35b)
the attitude motion 8, of the spacecraft, and Eq. (35c) the
angular motion 8,, of the articulated components. The partial
differential equations (35f) and (35g) govern the deforma-
tional motion of the elastic bodies E(e=2,...,8), and g, is
their mass density. Although Eqgs. (35d) and (35e) are the
translational and rotational motion equations of the body ®,,
they govern no new discrete variables; instead, they are
boundary conditions for Eq. (35f). Other boundary conditions
that apply to Eqgs. (35f) and (35g) are Eq. (9) and analogous
ones for u,, at r,, =0 (m=3,...,8).

Although the example of the space station is much simpler
than an arbitrary multibody deformable spacecraft, Eqs. (35)
have all those complications that are present in the latter case:
1) the partial differential equations governing u(r.,t) have
forcing terms that arisé from the spacecraft’s overall motion
V, and €, from the articulation motion Q,, and, equally im-
portant, from the deformation us, and the deformation-
caused rotation 6,,, at the hinge O,,; and 2) the boundary con-
ditions (35d) and (35¢) are nonhomogeneous. Just mentioned
quantities u,,, and 8, are present in U, in Eq. (35g). The
discrete and deformational variables in Eqs. (35) are linearly
coupled; that is, the coupling is of first order. Two system
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modal analyses are now presented, each of which discretizes
the complete set of Eqs. (35) at once.

III. Modal Analyses of Continuum Equations

Discretization by Hinges-Free Vehicle Modes

The space station, like any other spacecraft, has six external
rigid modes and, assuming all hinges to be universal joints,
three rotational rigid modes for each of the hinged bodies.
Additionally, it has (theoretically) an infinite number of elastic
modes, labeled p,v=1,. . .,00. Hence, the following expansion
of the discrete variables is complete:

(2] [Ro@®)] Xov |
Bol2) 04(%) b0,
05(1) 0)| _ |%n
. = . + E * le(t) (36)
. v=1 -
Los(f )_ Les(t )_ | D3 |

where Ry, 0y, 0;,...,05 are ‘‘rigid”’ coordinates, whereas
n{r=1,...,) is an elastic modal coordinate. The second
column in the right side of Eq. (36) embodies participation of
each elastic mode in the discrefe motion of the spacecraft. The
rigid modes associated with the rigid coordinates are: 1 with
Ry(t), —rgy (p=0,1,...,8) with O4(¢), and —r, with 0,,(t)
(m=3,...,8). A hinges-free vehicle elastic mode is denoted
Z(r). The inertial displacement w(r,t), therefore, of an ele-
mental volume v at r¢V has this expansion:

w(r,t) = Ro(t) — £35 O(t) — RomPri 0 (1) + EZ,(r)n,(t) (37)
Not surprisingly, the system mode Z,(r) consists of the modal
coefficients xg,,®0,,90,, (m=3,...,8) and the eigenfunction

Z;,(i=1,...,8), which are defined over different bodies of the
vehicle:

Z,(r} A xo, — ¥y D0 — RomPm Omy + Ro:Zi, (r:) (38)

For the rigid body ®/,

Z,(r) Axy, — ridy, (3%9a)
where x,, and ¢,, are »th mode translation of, and rotation
about, the mass ceiiter @; of ®; relative to the body ®,; this
implies

X1 A Z5(®)), o, =21V X2y (@) (39b)

ul* = 2X1an(t)9 0T(t) = E¢lvnv(t) (39C)

For the elastic bodies, Z,(r.) is a deformation field such that
the total deformation U[(r,,t), r.e&., has this expansion:

Udr.,t) = EZ,(ron(t) 40)
Recalling the definition [Eq. (15)] of U,,(r,?), the modal ex-
pansions of the deformation u,,,(f) and the deformation-

caused rotation 6,,,(¢) of the structure & at the hinge O, are
derived from the expansion of Ux(ry,#) Aux(r,t) in Eq. (40):

wn(t) = Y 22(0n)nilt)  Oam(t) = V2 )V *Z5(Op )n() (41)

It is illuminating to determine the modal expansion of the local
deformation i, (r,,,¢) also, knowing the expansions [Egs. (40)
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and (41)] and the relationship [Eq. (15)] between U, (r,,,¢) and
u,, (r,,t); using these formulas, we obtain

Ut ) = EA P )0,()
Amltn) & Zntm) = {Z4Om) =135 (47 2,0m) ] @D

where A,,,(r,,) is that part of the »th hinges-free vehicle mode
that describes the deformation of the articulated body §,, only;
at the hinges O,,, 4, (r,, =0)=0and 2 v*4,, (r,, =0)=0, so
that 4,,, (v=1,. . .,) resembles, but is not identical to the
cantilever modes of an articulated body used commonly for
discretization of Egs. (35).

Substituting the modal expansions [Eq. (36)] in the transla-
tional motion Eq. (35a), and enforcing the law of linear mo-
mentum conservation, there follows the zero linear momen-
tum property of an elastic mode:

mxo, — € *¢g, — EROmcn>1< Omy + M1 Ro1x1,
+ ZS Ry Z,(r)dm =0 (v=1,...,0) 43)

Define the modal momentum coefficients p., associated with
the deformation of each articulated body and p, for all elastic
structures collectively:

y é S Zer(re) dm D, = mlROIXIﬂ‘+ EROEPEV (44)

where the mass of ®, is included in p,. Equation (43) then .

abbreviates to
mx0v~cx¢0u_ Z:ROmcrzl< ¢mv+p1:= 0 (45)

A parallel development starting from Eq. (35b) yields the zero-
angular-momentum property of the »th elastic mode:
CXX0u+J¢0u+EJ0m¢mu+hv=0 (V=l’~ . -’°°) (46)

where the modal angular momentum coefficient h, is defined
as

h, A mir§\Roxi, + Roliéy, + EhY,

hg A S roc RoeZo(r) dm @n
€

The mass and inertia properties of ®, and its modal participa-
tion coefficients x,, and ¢,, are included in the definition of A,
in Eq. (47). Next, treating the motion of individual articulated

bodies &, analogously [Eq. (35¢)] the law of conservation of

the angular momeéntum of the articulation motion leads to a
zero-angular-momentum-like property expressed as

cr;; RmOXOu + Jg;n¢0v + Jm¢mv + hmv =0

where the modal angular momentum coefficient #,,, for the
articulation motion is defined as

R, A S riZyrp)dm  (m=3,....8;v=1,...,0) (49)
- Jm

The modal parts Z_(r.) (¢=2, .. .,8) of a vehicle mode Z, are
all governed by different eigenvalue problems, each limited to
the corresponding elastic structure &.. However, because of
®, &; must be considered separately. The vehicle mode Z, for
&, is [from Eq. (38)]

Z,(r) = Xo» — '3 b0y + Ry Z3,(12) (50)

(m=3,...,8 (48)
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Equation (35f) then leads to the eigenvalue problem
£225,(ry) = 2oy RyoXor — Raol 3 0, + Z2,) 1)
where w, is the frequency of the »th vehicle mode. The associ-
ated boundary conditions, obtained form the motion Eq. (35d)
and Eq. (35¢) owing to ®, are
® 25, = wimy(RyoXo, — Raot 8190, + Ra1x15) (52a)

®yZ2, = 2RI (R0, + 61,) (52b)

in which the presence of the eigenvalue w? is attributed to

the concentrated mass and inertia of ®; and to the use of vehi-
cle modes. Compared to Eq. (51), the eigenvalue problem de-
rived from the deformation equation of the articulated bodies

[Eq. (35g)] is
L ZmIm) = @30m {RmOXoy—Rm0r0>5n¢o»—r;ff Doy
+ Znrm)]

The right sides of the eigenvalue problems [Eqs. (51) and (53)]
contain inertial displacement of a field point in the »th mode
whereas, in the left sides, the functions Z,,(r.) have no discrete
motions, only deformational motion. Besides the dynamical
boundary conditions (52), the following geometric boundary
conditions at the root O, and hinges O,, apply:

(m=3,...,8) (53)

Z,(0) =0,  Z,(On) = Zp(Om)
Y2V>*Z,(0) =0
V2V *Zy,(0m) = V2V *Z,(Op)
v=1,...,00;,m=3,...,8) (54)
The orthogonality of the vehicle modes Z,(r) with the trans-

lational, rotational, and articulational rigid modes 1, —rg,
(p=0,1,...,8),and —r,S, respectively, is expressed as

szp dm=0 (55a)

Svr(;;,z, dm=0 (55b)

S Ront iR Z,dm =0 (55¢)
m

Equations (55) are verified by calling on the mass and inertia
properties Equations (2-7), the modal expansions [Egs. (37)
and (40)], and the momentum coefficients [Eqs. (44), (47), and
(49)]; this, not surprisingly, yields the momental conditions
[Egs. (45), (46), and (48)], thus proving Egs. (55). Equipped
with these properties, the orthogonality between the elastic
modes is found to be

L?Z,LTZV dm = mx{,(RioXo, — Rio¥c6190s + X15)
+ 61 Li(Ripdo, + 01,) + E&ZeiReozp dm
= p[lxor + hl00, + mx{xi, + 10101,
+ YT bm, + ESEZJZG,, dm =3, (56)

where 6, is the Kronecker delta. In the first right-hand side
of Eq. (56), the vehicle mode Z, is not yet expanded in terms
of its components whereas, in the second, it is expanded.
The orthogonality between the modes Z, and the stiffness op-
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erators is obtained using the condition (56), the eigenvalue
problems [Eqgs. (51) and (53)], and the boundary conditions
[Eq. (52)]:

ES Z18.Z,dv + ? {m1X1T,4(R10X0v—R10"£1¢0v+ X1v)
+ L L(Rigdo, + 61,)]
= ESGZez"GeZEV dv + XlT;.LRlZ((BuZZV)

+ 61 R1A(BZ) = Wby (57

To conserve space, the details of derivation of Egs. (56) and
(57) will not be furnished here.

The set of ordinary and partial differential equations (35)
can be discretized now. Substitute the second time derivatives
of the expansions of Egs. (36), (40), and (39¢) in Egs. (35a-
35¢), and invoke the zero-momental properties [Egs. (45),
(46), and (48)]. This yields the following rigid mode equations
corresponding to the vehicle’s translation Ry, rotation Qg, and
the articulation angles 0,,:

mRy—¢*0y— LRy,ck 0, = Fr (58a)
c¢* By + JOy + LIy 0,, = Gy (58b)
X Ry Ry + I, 00+ 1,0, =G+ GI" (m=3,...,8) (58¢)

There is no discrete counterpart of the boundary conditions of
Eqgs. (35d) and (35¢). Equations (35f) and (35g) are discretized
together. For this purpose, the modal expansions of all vari-
ables are inserted in these equations and in the boundary con-
ditions [Eqs. (35d) and (35¢)]; Eq. (35f) is then premultiplied
with the operation

LZZ‘(') dv
Eq. (35g) with
SMZZ,L(-) dv

Eq. (35d) with x,, and Eq. (35¢) with ¢{,. All of these equa-
tions are then added together and simplified, invoking the
orthogonality conditions [Egs. (56) and (57)]. To eliminate the
rigid variables By, O, and ©,, from the discrete equation thus
obtained, the transpose of Eqs. (45), (46), and (48) are substi-
tuted and Eqgs. (58a-58c) are used. We then obtain

By + i, = x&Fr + 0§,Gr + xT,F! + ¢{,G{

+ Z3(r)Foy + Y 0m{Gr + Gre) + ELZeife dv
w=1,...,») (58d)

where Z,,(r,;) is the modal deflection at the reaction jet loca-
tions on the structure &,; F,y is the jet force. Space limitation
forbids giving more details about the derivation of Eq. (58d);
however, it is refreshing to see in this equation a systematic
inner product of various forces and torques, acting at several
locations of the space station, with the corresponding modal
translational and rotational coefficients. Equations (58) are
the desired discrete equations useful for digital simulation.

Discretizaton by Hinges-Locked Vehicle Modes

The defining property of these modes is that all hinges are
locked, although the vehicle as a whole still remains free in
space. Mathematically, the constraints are

Q,=0 (m=3,...8) (59)
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Incorporating this constraint into the vehicle equations (35a),
(35b), and (35g), and deleting Eq. (35c¢) altogether, these equa-
tions, in the absence of external forces and torques, follow:

mVy—¢*Qy + my Ryjit} + Eg Ry .U. dm=0 (602)

c* Vo + JQO + mlrgélRmill* + lelyi"

+ Z§ & Ro U, dm = 0 (60b)

m(RyoVo~RiordsiQo+il?) + Ri(®Buz) = 0 (60c)
@S3

L(R o+ 87) + Rix(®Bouz) = 0 (60d)

Lt + 0 (RoVo~Rore Qo+ U)=0  (e=2,...,8) (60e)
Equations (60) are similar to those of a spacecraft with can-
tilevered appendages.’ For modal analysis, the following ex-
pansion is postulated:

o(t) = Ro(®) + Y xGanc(t) ul () = Yxfani(t)
B0(2) = Og(?) + Y dbanc(t) 07 (1) = Y bfmal®)
Udrot) = Y Z5(ron () (61)

Compare these expansions with those in Egs. (36), (39¢), and
(40). The superscript c in Egs. (61) indicates that these quanti-
ties pertain to constrained hinges, whereas the index o
(a=1,...,), instead of the previously used (u,»), sharpen
the difference between hinges-free and hinges-locked modes.

To develop properties of the hinges-locked modes, substi-
tute the expansion (61) first in the translational equation (60a).
Employing the law of conservation of linear momentum, we
deduce the linear momentum p. of the vehicle with locked
hinges, and the zero-linear-momentum property of a hinges-
locked mode:

mRy — ¢*0y = p, (62a)
Mxbe— € o +pe=0 (x=1,...,00) (62b)

where the modal momentum coefficient pg is defined as

Pé = mlROIXLl‘a + EROEP:ap:a = S Zecot dm (63)

Compare these with p, and p.,, in Eq. (44). Analogously, owing
to the law of conservation of angular momentum, substitution
of Eq. (61) in Eq. (60b) gives rise to

c*Ry+ JO, = h, (64a)
Xy + JPbe + HE=0 (64b) -

where A, is the angular momentum of the vehicle with locked
hinges, and the modal angular momentum coefficient kS is
defined as

h§ = mlrcﬁlROleu + R0111¢L1‘a + Eheoof
hé = S 16 Ro ZS, dm (65)

Again, compare Eq. (64b) with Eq. (46), and the definitions of
Eq. (65) with Eq. (47). The zero-momentum properties (62b)
and (64b) of the hinges-locked vehicle modes are similar to
those of the vehicle modes of a spacecraft with cantilevered
appendages, a detailed theory of which was set out by
Hughes.’
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To obtain useful dynamic boundary conditions from Egs.
(60c) and (60d), note that, because p. and A, in Egs. (62a) and
(64a) are constant and because the associated 6 X 6 mass matrix
is nonsingular, it follows that

RBy=0 8,=0 66)

The conditions (66), the expansions (61), and the sinusoidal
time dependence of the modal coordinate #5(¢) at the fre-
quency w,, lead to these boundary conditions:

®Z5, = w2 M (Rooxbe— Raol 26106 + Ra1Xss) (672)
®pZ5, = W2 Ry Ii(Ryo0fs + 652) " (67b)

which may be compared with their counterparts, Eq. (52).
Furthermore, the eigenvalue problem originating from Eq.
(60¢e) owing to the modal expansions [Eqgs. (61)] and conditions
[Eqs. (66)] is

"eeZEcoz = wguae(ReOX&x _Rsor()>e< ¢6a + Zecoz) (6 = - ,8) (68)
which is associated with the boundary conditions of Eqs. (67).
When the eigenvalue problem (68) is compared with Eq. (53),
the absence of the rotation at a hinge in Eq. (68), according to
the intrinsic property Eq. (59) of the hinges-locked modes, is
evident.

The orthogonality conditions are now determined. The
hinges-locked vehicle modes are composed of the modal trans-
lation x§, and rotation ¢§, of the entire vehicle, modal transla-
tion x§, and rotation ¢, of ®, relative to ®R,, and the modal
deformation Z;, (e=2,...,8). Analytically, the ath mode is
expressed as

Z;(r) = xﬁa - r0>1<7 ¢6a + R(),'Z,?a(r), Zfa é X(i‘a - rlx ¢€a (69)

which, again, may be compared with the hinges-free vehicle
mode Z,(r) in Eq. (38) and Z,;(ry) in Eq. (39a). The orthogo-
nality of Zg to the rigid modes 1 and —rg, (p=0,1,...,8)
leads to the conditions

SVZS(r) dm =0 § ropZg(r)dm =0 (70)

which are the same as the properties (62b) and (64b). By virtue
of Egs. (70) and (69), the orthogonality of the mode Z¢ to the
mode Z§ is expressed as follows:

gvzérzﬁ dm = myx§e(Rioxss — Rior 61965 + X5p)

+ ¢S (R1096s + 97s) + ELZ:JRGOZE dm =85  (71)

Next, the orthogonality of the mode Z¢ to the stiffness opera-
tor £, Eq. (68), and the boundary operators ®, and B, Eqs.
(67), is found to be

ES ZHL.ZGdv + wig {mleZ(Rloxﬁﬁ = Rio7 51965 + X1)
€

+ ¢oLi(Rioh6e + ¢§a)} = Whabog = ES Z48.Z5dv
+ XoaR12AB o ZSg) + S5 R1A®B o Z55) (72)

The stage is now set for discretizing the original Eqs. (35),
which include the articulation motion at hinges. Inserting the
modal expansion (61) in Egs. (35a) and (35b) and recalling the
zero-momental properties [Egs. (62b) and (64b)], the vehicle’s
translation and rotation equations transform to

mR—¢*0— Y Romen 8, = Fr (73a)

c*Ry+ T80 + Y Jombn = Gr (73b)
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which resemble Eqgs. (58a) and (58b). Because a modal expan-
sion for the articulation angle 8,,, does not exist now, unlike the
expansion in Eq. (36) earlier, 8,, itself appears in Eq. (73a) and
(73b). Next, to discretize the rotational motion [Eq. (35¢)] at
a hinge, define a coefficient k7, analogous to Eq. (49):

hiye = j 7% Zinaltm) dm
m
(m=3,....8a=1,. ..,0) (74a)

and an inertial modal angular momentum coefficient associ-
ated with the motion 6,,

i A § ¥ (RnoXbe — R0t om Boa + Zino) dm
= Jm

= cr:t( Rmoxga + JOT;n ¢8cx + hfna » (74b)

Equation (74b) is a counterpart of Eq. (48), except that unlike
Eq. (48), Eq. (74b) is not a zero-momentum property. Equa-
tion (35¢) is now discretized to

e RuoRo + I3 00 + T b + Y hiniie = Gre + GJ1
(m=3,...,8) (75)

From Egs. (73) and (75), it is evident that, unlike the hinges-
free vehicle modes, the hinges-locked vehicle modes do not
decouple Ry, Oy, and 0,, (m =3,...,8) from 15 (a=1,...,»).
To discretize the partial differential equations (35f) and (35g)
in conjunction with the boundary conditions (35d) and (35e¢),
we employ the expansion (61), the properties (62b) and (64b),
and the eigenvalue problems (67) and (68). In the process, Egs.
(73) are used to replace By and O in terms of 8,,, Fr, and Gr,
and the inner product

Y g Z5(+) dv
is performed. These steps yield the modal coordinate equation

E(hma)ro + 7’04 + wcctna XO(xFT + ¢0aGT + XlaFl

+ $5aGl + Z5(r ) Fay + Ej Zo fAr,nydv
(@=1,...,0) (76)

Equation (76) does not have, as expected, a term analogous to
oL (G + GI) of the right side of Eq. (58d). The mass matrix
associated with Eqs. (73a), (73b), (75), and (76) is symmetric.

IV. Dynamics of Space Station with
a Mobile Manipulator

The space station is outfitted with a mobile manipulator.
Our objective now is to modify the continuum equations (35)
to incorporate the motion of the manipulator on the de-
formable keel. Li and Likins!? have derived the expressions of
partial velocities, generalized inertia, and active forces for a
cart having mass and moments of inertia and traveling on a
curved, deformable track on an inboard or an outboard body
of a spacecraft with tree topology. The derivation of final
equations of motion, however, for the entire spacecraft is left
as an open problem. The problem posed here is simpler: the
manipulator is a point mass, and the undeformed track is
straight; unlike Ref. 11, though, complete motion equations
are furnished here.

Let the instantaneous position of the manipulator on the
deformed keel (Fig. 3) be given by a scalar variable s(¢), and
let § be its rectilinear speed along an instantaneous tangent unit
vector ¢, on the deformed keel &,. This speed is relative to the
instantaneous point of attachment of the manipulator to &,. In
the undeformed position, s(¢) equals the location vector r,,
emanating from the origin O, (Fig. 3). The unit vector triad
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Fig. 3 - Mobile manipulator traversing the keel.

b, b?, b associated with the frame F, at the origin 0, is
shown in Fig. 3. In this frame, the unit vector ¢, is

t, = {bl(Z)bz(z)bs(z)) [x:sy:sz’s]T

d
re=g  G=x2.2) (77)
The derivatives v,; depend on the direction of motion of the
manipulator and the deformational rotation 8y, of &; at r,,(¢).
Specifically, if the manipulator is traveling along the b{®, b,
or b{? axis, then, in that order,

(X, 052,51 =1 Opz  —0g] (78a)

or
={—0ms 1 Opl (78b)

or
=02 —0m 11 (78¢c)

where 07, A [61 02 03]”. Therefore, in general,
[X,5:525s17 = col (1 +0}) (79)
where col(-) = one of the three columns of (-) depending on
the direction of motion of the manipulator. Its inertial velocity
w, is
Wu = /iuo - roéa (t)oo + Rozilza -+ SROZ col (1 + 0,;( )
0, A6y + Roxbp, 80)
where 0, is the vector of the total angle of rotation at the
attachment point of the manipulator, u,,(#)=uy(r2,,t), and

Fooa (1) = Lo + Repra,(t). To determine the inertial acceleration
w, of the manipulator, recognize that

Fooa = S"% = §Roo[X,5¥ 152,517 81)
d ]
a—t (X35 V35 Z5s] = 8[X,55 ¥ 155 Zoss] ®2) 1
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where the second spatial derivatives are obtained by spatial
differentiation of Eqs. (78); for instance, corresponding to Eq.
(78¢c)

A2 B 0] 3

[Xs6s Y rs5 Zass] = l: dz dz

The inertial acceleration w,, then, obtained from Eq. (80), is

Wy = Ro — 1g5(£)00 + Rnitzy + 5 RoplX 155 555255517
+ 3R, col(1+62) + 25 col (8F) (84)

Let the manipulator be a point mass m,. The integral of the
variation of its kinetic energy T, is then

73 n
j 8T, dt = —S m,wldw, di (85)
t

L5
where éw,, from Eq. (80), is
dw, = drng — rgs,(1)00y + Rppduy, + SRy col(1+05)  (86)
In addition, assume that a control force vector F,¢, acts on the
manipulator; this force is taken to be reactionless; that is, it

does not produce a reaction force that will act on &,. The
virtual work &7 performed by F,f, equals

61 =F, {row[l]} {Bmo—ro’é,,600+R026u2a} +F8s (87

" where row [1} is one of the right-hand sides of Eq. (78) with the

rotations f, ignored. Incorporating Eqs. (85) and (87) into the
original application of Hamilton’s principle in Sec. II, the
following modified form of Eqs. (35a), (35b), and (35f) and
one additional scalar equation for the motion of m, are ob-
tained:

mio—c* g — Y RomCn Om + miRoit} + ZEGROe U.dm

+ mgw, = Fr + F, {col [1]} (88a)
¢*ko+ T+ Y Jom O + mir§iRoitt + Ror1y 87

+ EL’O): Ro U.dm + mgrgs, ()i,

= Gr + Fargsa {col [1]} (88b)
213 + 0 Rooko— Raords o+ is) + MRy, 8(ry —130)

= Fay8(ry—r2y) + F,{col [11]8(r2—120) (88¢)

ma {row [11] Roo(ito — ris o+ Roize) + me§ = F,  (884)

103
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Fig. 4 Modal coupling coefficients hg{,, (x=1,...,78) for the solar
array &g about the y axis.
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Table1 Symmetric 8 X 8 mass matrix of the space station having only & and &7 articulated bodies,
“each with only one axis of relative rotation (MKS units)

0.152847E + 06 0.0 0.0 0.0 —0.107233E +07 0.740154E+04 0.0 0.0
0.0 0.152847E + 06 0.0 0.107233E+07 0.0 0.425819E + 05 0.0 0.0
0.0 0.0 0.152847E+06 —0.740154E+04 —0.425819E + 05 0.0 0.0 0.0
0.0 0.107233E+07 —0.740154E +04 0.133607E + 09 0.475491E+05 0.799559E + 06 0.0 0.0
—0.107233E+ 07 0.0 —0.425819E + 05 0.475491E + 05 0.124234E + 09 0.522313E+05 0.757040E+06 0.757041E + 06
0.740154E+ 04 0.425819E + 05 0.0 0.799559E + 06 0.522313E+05 0.143100E + 08 0.0 0.0
0.0 0.0 0.0 0.0 0.757040E + 06 0.0 0.757041E + 06 0.0
0.0 0.0 0.0 0.0 0.757041E+06 0.0 0.0 0.757041E + 06
] TORQUE PULSE DURATION, ACCELERATION = 0.01 radis2
‘ © I 86~ 5.00
0.09 01 outHn 02 03 04 o5 a6 07 0809 275
7 ogldeg) 2750 050 (Burser)
l @ 1126} 175
0.08 0.1 Wt H) 02 03 04 05 06 07 08 09 s 4.00

Fig. 5 Natural frequencies of 30 hinges-locked and hinges-free
vehicle modes.

where {col [1]] = {row [1]}7. The remaining equations in the set
(35) do not change because the manipulator is assumed to
travel only on the keel &,. In the scalar equation of s, Eq.
(88d), the Coriolis and the centripetal terms of Eq. (84) do not
appear because they are orthogonal to the cart’s direction of
motion. These terms are nevertheless present in Egs. (88a-
88¢).

Discretization of Eqs. (88), along with the unchanged Egs.
(35¢~35¢) and (35g), is an important matter, but that will not
be considered here. It is clear from these equations, though,
that now we require the entire mode shape of the structure &,,
unlike the earlier case, in which modal data were needed only
at the sensor and actuator locations.

V. Numerical Results and Discassion

Hinges-free discretized equations (58) and hinges-locked dis-
cretized equations (73), (75), and (76) are similar to the modal
equations that correspond to the NASTRAN-generated nu-
merical data concerning hinges-free and hinges-locked vehicle
modes. They will be identical if Eqs. (58a-58c) are subjected
to a similarity transformation to arrive at modal rigid modes,
and likewise if the 6 X 6 mass matrix associated with R, and
0O, in Egs. (73a) and (73b) is orthonormalized by a similar-
ity transformation. In the hinges-free case, selection of elas-
tic modes depends not only on the frequency @, but also
on the modal coefficients Xo., @0 Xii> P14 Z2.(72)s O
(u=1,...,0;, m=3,...,8) in Eq. (58d). Analogously, in the
hinges-locked case, the selection depends on the frequency w,,
the coupling coefficients kL, and the coefficients xa,. . .,
(x=1,...,0; m=3,...,8) in Eq. (76). For instance, the
scalar coefficients k¢l (e=1,...,78) for the solar array &
about the y axis, which is the axis of once-per-orbit rotation,
are shown in Fig. 4 in MKS units. Clearly, from the standpoint
of solar array &, the hinges-locked vehicle modes a=1, 2, 3,
4,7, 9, 10, 18, 19, 20, 24, 35, 44, . . ., that have larger hZ, are
more important than the remaining modes. Suppose that the
space station has only the articulated bodies &g and &; (solar
arrays with radiators) and that these two bodies have only
y-rotational degree of freedom. Then, the symmetric 8 x 8
mass matrix associated with eight discrete degrees of freedom
Ry, 6y, (06, 8,) [Eqgs. (73) and (75)] or (B4, ©;) [Egs. (58a-58¢)]
is illustrated in Table 1 in MKS units. Here, 05 and 6, are the
angles of rotation of &4 and &, about the y axis relative to the
keel, whereas O4 and O, are their rigid angles of rotation.

_0.500 ) 1 ) )
0.500 7 4 6 8 10
TIME (sec)

Fig. 6 Response of the solar array & to a torque pulse.

Figure 5a illustrates the hinges-locked frequencies w.,
(@=1,...,30) obtained from NASTRAN, the lowest fre-
quency being close to 0.1 Hz (the ordinate in Fig. 5 has no
importance). The hinges-free frequencies w, (u=1,...) can be
obtained directly from NASTRAN; however, if they are com-
puted from w,, (=1, ...,30), those shown in Fig. 5b follow,
where wy (0.78 Hz) and ws (0.85 Hz) are nearly three times the
corresponding wss (0.270 Hz) and w$, (0.271 Hz). Experience
suggests that the predicted values of w,, and wy are unreliable.
This result is nevertheless shown here because it helps us to
understand the simulation results based on hinges-locked
modes [Eqs. (73), (75), and (76)] and shown in Fig. 6. Hinges-
locked modes are chosen to simulate space station dynamics
because, as Ref. 13 demonstrates, for a given number of elastic
modes, they furnish a higher-fidelity model than the hinges-
free modes do, when a nornzero control torque exists at a
hinge. Figure 6 portrays the angle of rotation 5 and the rate 6
of the solar array &4 subjected to a torque pulse that generates
a constant acceleration of 0.01 rad/s? for the first second; after
that the array is left to swing freely. The variables 6 and 6
pertaining to a rigid solar array are also shown in
Fig. 6. The attitude response of the flexible array is seen to be
oscillatory (with a damping factor of 0.4%) with a frequency
of —0.8 Hz although, surprisingly, the highest hinges-locked
vehicle mode frequency present in the simulation is 0.271 Hz.
The conclusion emerges that one of the previously mentioned
spurious hinges-free modal frequencies, wyo Or wyo (although
they were never computed to integrate the hinges-locked equa-
tions) has manifested itself surreptitiously in the free response
of the solar array. Thus, evidently, the simulation program
based on hinges-locked modes is not appropriate for studying
the free-hinges response, although these modes are more desir-
able than the hinges-free modes for control design purposes.!?

VI. Concluding Remarks

The motivation for deriving the preceding two sets of dis-
cretized linear equations of motion of a deformable, multi-
body space station was to be able to rapidly and economically
iterate the control systems designs for the entire spacecraft and
for the articulated bodies. Strictly speaking, the equations are
valid for a three-axis stabilized spacecraft with small motions
of all articulated bodies. However, if the spacecraft rotates
once per orbit at a small rate (say, 0.06 deg/s, a 100-min orbit),
the equations may still be used to design fast control sys-
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tems—those that capture target trajectory within, say, 3 min
(10.8-deg travel) during which, for instance, the solar arrays
tracking the sun would have moved by 5.4 deg from the earlier
nominal orientation and during which other articulated bodies
may not have transgressed the linear limits. These equations
serve other purposes as well. The modal coefficients in-the
equations indicate the importance of a mode, so that the
modes can be selected on the basis of their magnitudes. Be-
sides, a comparison of the two sets of motion equations yields
identities between hinges-free and hinges-locked modal param-
eters.'® This comparison can be pursued further. Another im-
portant extension of this work is to devise hinges-free and
hinges-locked vehicle modes for a spacecraft with more com-
plex tree topology than is considered here and with closed
loops of flexible bodies. That these equations are formally
identical with those arrived at numerically with NASTRAN is
iinmensely fortunate because, as a result, the simulation engi-
neer is disencumbered from solving the preceding complex
continuum eigenvalue problems of hinges-free and hinges-
locked vehicle modes—NASTRAN having modeled them al-
ready via sophisticated finite-element techniques.
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